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Abstract
We obtain strong upper bounds for the Betti numbers of compact complex-hyperbolic
manifolds. We use the unitary holonomy to improve the results given by the most di-
rect application of the techniques of [DS17]. We also provide effective upper bounds for
Betti numbers of compact quaternionic- and Cayley-hyperbolic manifolds in most de-
grees. More importantly, we extend our techniques to complete finite volume real- and
complex-hyperbolic manifolds. In this setting, we develop new monotonicity inequali-
ties for strongly harmonic forms on hyperbolic cusps and employ a new peaking argu-
ment to estimate L2-cohomology ranks. Finally, we provide bounds on the de Rham
cohomology of such spaces, using a combination of our bounds on L2-cohomology,
bounds on the number of cusps in terms of the volume, and the topological interpre-
tation of reduced L2-cohomology on certain rank one locally symmetric spaces.
∗Partially supported by Simons Foundation Grant 3553857
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1 Introduction
In theory, the Selberg trace formula can be used to compute Betti numbers of compact
locally symmetric spaces. The expressions produced by the trace formula, however, can be
extremely complicated and difficult to understand. DeGeorge and Wallach [DW78] pio-
neered the use of the trace formula to obtain simpler coarser bounds on Betti numbers and
the multiplicity of other representations arising in L2(Γ\G). In particular, the DeGeorge-
Wallach bounds did not require extensive evaluations of orbital integrals. This saving in
complexity was achieved (with a concomitant loss of precision) by using test functions in
the trace formula that were supported in the lift to G of a ball about the origin in G/K
that can be identified with an embedded ball in Γ\G/K. Their estimates then reduce
to estimates on the growth of matrix coefficients associated to the representation under
investigation. Using related techniques, Xue in [Xue91] gave effective estimates on the
growth of the first Betti numbers for compact complex-hyperbolic surfaces. Sarnak and
Xue [SX91] subsequently pushed beyond the embedded ball barrier for surfaces, allowing
test functions supported on the lift to G of balls with radius larger than the injectivity
radius of Γ\G/K. They then use estimates on the test function and the size of the Γ
orbits intersecting these balls to bound rather than evaluate terms arising in the Selberg
trace formula that are associated to non-identity conjugacy classes in Γ.
In [DS17], we introduced a method for bounding Betti numbers on manifolds without
conjugate points and with a negative Ricci curvature upper bound. Like the DeGeorge-
Wallach technique, our method gives bounds in terms of the volume of the largest embed-
ded geodesic ball in the manifold. The estimates introduced in [DS17], which we called
“Price inequalities”, play a similar role to that of the estimates on the growth of matrix
coefficients in [DW78], but of course, ours require no locally symmetric hypothesis and
easily provide effective bounds on Betti numbers.
Given the recent strong interest in obtaining bounds for cohomology in towers of spaces,
both locally symmetric and otherwise, in this paper, we build upon [DS17] to study the
Betti numbers of complete finite volume real-hyperbolic and complex-hyperbolic mani-
folds. We focus first on compact complex hyperbolic manifolds, where we use Kahler-
ity to obtain optimal bounds within the embedded ball barrier. (We treated compact
real-hyperbolic manifolds in [DS17].) We subsequently sharpen our peaking estimates to
extend our techniques to complete finite volume real- and complex-hyperbolic manifolds.
Along the way, we also provide effective upper bounds for most Betti numbers of compact
quaternionic- and Cayley-hyperbolic manifolds.
Before we summarize our results, we introduce a definition.
Definition 1. Let (Xn, g) be a Riemannian manifold. Let S ⊂ X. Define
Vmin(S) = inf
x∈S
V ol(Binjx(x)),
where injx is the injectivity radius at x, and BR(x) is the geodesic ball of radius R and
center x. Set injS := infx∈S injx.
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Throughout the paper, we let bk(M) := dimRH
k(M ;R). We can now state our first
result.
Theorem 2. Let (Mn = Γ\HnC, gC) be a compact complex-hyperbolic manifold, with −4 ≤
secgC ≤ −1. For k < n, there exists a positive constant c(n, k) (as in Corollary 41) such
that
bk(M)
V ol(M)
≤ c(n, k)Vmin(M)
k−n
n .
In [SX91], Sarnak-Xue show that for certain congruence subgroup quotients, we can
bound Vmin(M) below by a power of V ol(M). This gives the following corollary.
Corollary 3. Let (Mn = Γ\HnC, gC) be a compact complex-hyperbolic manifold, with
−4 ≤ secgC ≤ −1, where Γ ≤ PU(n, 1) is a principal congruence subgroup. There exists
c(n, k) > 0 (independent of the level) such that
bk(M)
V ol(M)
≤ c(n, k)V ol(M)
2k−2n
n2+2n .
This result improves and generalizes from Hk,0 to Hk the results in [Yeu94, Theorem
2.3.1], which seem to be the best published effective bounds for rank Hk,0 on compact
complex-hyperbolic manifolds of dimension bigger than or equal to three. We are unaware
of any published results using those techniques in higher dimensions.
For surfaces, our bound on b1 is sharper than the one derived by Xue in [Xue91],
but weaker than the bound given by Sarnak-Xue [SX91] and more recently by Marshall
[Mar14]. The bound found by Marshall is a striking α = 38 , which is even sharp. These
bounds both go beyond the embedded ball barrier in their use of the trace formula, and
rely on low dimensional arithmetic information.
In the compact case, our techniques can function as a replacement (or simplification)
of estimates of matrix coefficient asymptotic used in [DW78] and[DW79]. In order to
compare the two techniques, in the appendix we provide a simple method for estimating
the relevant matrix coefficients required to estimate the first Betti number of compact
complex-hyperbolic manifolds and show that it reproduces our result. The estimates be-
come somewhat more complex for k > 1, and are not included in the appendix. We also
include the simpler estimation of the matrix coefficients in the real hyperbolic case, and
verify that they reproduce the Betti number estimates we previously derived in [DS17].
With two different techniques measuring two very different quantities, it remains a chal-
lenge to understand how to combine them to get stronger information than each provides
separately. In the complete finite volume case, the trace formula becomes more compli-
cated, and we are unaware of an extension of the DeGeorge-Wallach argument to this case.
The geometric approach, on the other hand, extends to manifolds with rank one cusps to
bound the ranks of their reduced L2-cohomology.
Definition 4. Let (M, g) be a complete Riemannian manifold. Define the vector space
of L2 harmonic k-forms
Hk(M) := {ω ∈ ΛkTM | dω = 0 = d∗ω, and ∫
M
ω ∧ ∗ω <∞},
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where ∗ is the Hodge star operator. Set
bk2(M) := dimRHk(M).
If M has finite dimensional L2-cohomology, then Hk(M) is isomorphic to the L2-
cohomology in degree k, and then bk2(M) is the rank of the k-th L
2-cohomology group of
M . Complete finite volume locally symmetric spaces with Rank G = Rank K have finite
dimensional L2-cohomology, see for example [BC83]. Without imposing the equal rank
assumption, complete finite volume locally symmetric spaces always have bk2 < ∞, see
[BG83]. In this case, bk2(M) computes the rank of the reduced L
2-cohomology. Thus, it is
interesting to extend Theorem 2 to complete finite volume real- and complex-hyperbolic
manifolds. We obtain the following results.
Theorem 5. Let (M = Γ\HnC, gC) be a complete finite volume complex-hyperbolic mani-
fold, with −4 ≤ secgC ≤ −1. Write M as a disjoint union M = M0 ∪ (∪aCa), where Ca
are cusps. There exists a constant a(k, n) > 0 depending only on dimension and k such
that for k < n,
bk2(M) ≤ a(k, n)V ol(M)Vmin(M0)
k−n
n .
In the real-hyperbolic case we obtain the following generalization of Theorem 18 (cf.
Corollary 116 in [DS17]).
Theorem 6. Let (Mn = Γ\HnR, gR) be a complete finite volume real-hyperbolic manifold,
with secgR = −1. Write M as a disjoint union M = M0 ∪ (∪aCa), where Ca are cusps.
There exists a constant α(k, n) > 0 depending only on dimension and k such that for
k < n−12
bk2(M) ≤ α(k, n)V ol(M)Vmin(M0)
2k+1−n
n−1 .
Finally if n = 2k + 1, there exists a constant α(k) > 0 depending only on k such that
bk2(M) ≤ α(k)
V ol(M)
ln(Vmin(M0))
.
Interestingly, the proof of Theorem 6 requires estimates beyond the embedded ball
barrier, but only on cusps, where the counting of lattice points reduces to the study of
lattices in euclidean spaces. We also apply Theorem 5 and Theorem 6 to towers of coverings
associated to a cofinal filtration of the fundamental group of the base hyperbolic manifolds.
We refer to Section 10 for details on the asymptotic behavior of L2-cohomology along such
towers. Specializing to principal congruence subgroups, Theorems 5 and 6 reduce to
Theorem 7. For k < n−12 , there exists a constant a(n, k) > 0 such that for Γ a torsion
free principal congruence subgroup of SO(n, 1) with its standard Q−rank one rational
structure,
bk2(Γ\HnR) ≤ a(n, k)V ol(Γ\HnR)1−
4(n−1−2k)
n(n+1) . (8)
There exists a constant b(n, k) > 0 such that for Γ a torsion free principal congruence
subgroup of SU(n, 1) with its standard Q−rank one rational structure,
bk2(Γ\HnC) ≤ b(n, k)V ol(Γ\HnC)
1− 4(n−k)
(n+1)2−1 . (9)
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For principal congruence subgroup quotients of the the complex 2 ball, we thus have
b12 growing at most like the square root of the volume.
Finally, we study the de Rham cohomology of complete finite volume hyperbolic man-
ifolds with cusps along a cofinal tower. This relies on the topological interpretation of
L2-cohomology of locally symmetric varieties (cf. [Zuc82]), and on an estimate of the
number of cusps along such towers. The problem of estimating the number of cusps in
terms of the volume on hyperbolic manifolds with cusps is a well-studied problem in ge-
ometric topology; see for example [Kel98], [Par98], [DD15], [BT18] among many other
references. Nonetheless, here we need a different point of view on this problem: we con-
sider the asymptotic behavior of the volume normalized number of cusps along a cofinal
tower, and this point of view seems to be new. We refer to Section 11 for the background
and details.
Acknowledgments. We thank Michael Lipnowski for his advice and input on many
aspects of this work, including expanding the scope of Lemma 123.
2 The Geometry of Geodesic Balls in Rank One Symmetric
Spaces
For for K = R,C,H, or O, let (HnK,gK) denote the corresponding K- hyperbolic spaces.
These spaces have real dimensions respectively n, 2n, 4n and 16. They are symmetric
spaces given by the following quotients:
HnR = SO(n, 1)/SO(n), H
n
C = SU(n, 1)/U(n), (10)
HnH = Sp(n, 1)/Sp(n)Sp(1), H
2
O = F4(−20)/Spin(9).
Given a point p ∈ HnK, denote by Br(p) and Sr(p) the geodesic ball and sphere of
radius r around p, respectively. In geodesic polar coordinates around the point p,
gK = dr
2 + gr, (11)
where in the real-hyperbolic case, gR = dr
2 +sinh2(r)dσ2, with dσ2 the usual round metric
on the sphere. In the remaining cases, the metric is best described in terms of a generalized
Hopf fibration:
S1 → S2n−1 → Pn−1C , S3 → S4n−1 → Pn−1H , and S7 → S15 → P1O,
where Pn−1C , P
n−1
H are respectively complex and quaternionic projective spaces; in the
octonionic case, we set P1O := S
8. For convenience, we summarize these fibrations as
follows
SdimK−1 → SmK,n → PnK,
where dimC = 2, dimH = 4, dimO = 8, and where
mC,n = 2n− 1, mH,n = 4n− 1, mO,1 = 15;
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in the octonionic case, only n = 1 occurs. We normalize the max of the sectional curvature
of gK to be −1. The sectional curvature of gK is then negative and quarter-pinched:
−4 ≤ secgK ≤ −1.
We fix this normalization for the rest of this paper.
Decompose the metric on the relevant round unit spheres as ground = gv + gh, where
gv is the metric restricted to vectors tangent to the generalized Hopf fiber, and gh is the
restriction of the metric to the vectors orthogonal to the fiber. With this notation, we
have
gK = dr
2 +
1
4
sinh2(2r)gv + sinh
2(r)gh. (12)
With this metric, the Hopf fibers are totally geodesic and equipped with the standard
round metric up to scale; the metric on the horizontal vectors is the pullback from the the
base of the standard (rescaled) symmetric metric on PnK. Given this explicit description
of the metric, we now compute the second fundamental form of the geodesic spheres.
Proposition 13. The second fundamental form hK(r) of a geodesic sphere Sr in (H
n
K, gK)
has the expression:
hK(r) = 2 coth(2r)
sinh2(2r)
4
gv + coth(r) sinh
2(r)gh.
Proof. Recall that the Hessian of the smooth distance function centered at p is proportional
to the second fundamental form of a geodesic sphere:
hK(r) =
1
2
Hess(r) =
1
2
L∂r(gK),
where L∂r is the Lie derivative with respect to the unit length radial vector field. Now,
we compute
L∂r(gK) = L∂r(gr),
so that the proposition follows from (12).
Corollary 14. For K 6= R, the second fundamental form hK(r) of a geodesic sphere Sr in
(HnK, gK) has two distinct eigenvalues
λ1(r) = 2 coth(2r), λ2(r) = coth(r),
with multiplicities m(λ1,K) = dim(K) − 1, m(λ2,K) = 1 − dimK + mK,n. Finally, the
mean curvature HK,n(r) of a geodesic sphere Sr is
HK,n(r) = 2(dim(K)− 1) coth(2r) + (1− dimK+mK,n) coth(r). (15)
In the following lemma, we restate Corollary 14 in a form convenient for subsequent
applications to the Price inequality given in Section 3.
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Lemma 16. Let
λ1(r) = ... = λdim(K)−1(r) > λdim(K)(r) = ... = λmK,n(r) (17)
denote the ordered eigenvalues of hK(r). For any integer 1 ≤ k < dimRHnK, we have
(HK,n(r)
2
−
k∑
i=1
λi(r)
)
=

(
mK,n
2 − k
)
coth(r) +
(
dim(K)−1
2 − k
)
tanh(r),
if k ≤ dim(K)− 1;(
mK,n
2 − k
)
coth(r)− (dim(K)−1)2 tanh(r),
if k > dim(K)− 1.
Proof. It suffices to combine Equations (15) and (17).
3 On the Betti Numbers of Compact Quotients of HnK
In this section, we study Betti numbers of compact locally symmetric rank one spaces via
a Price inequality for harmonic forms. We focus on rank one locally symmetric spaces
that are not real hyperbolic. We recall the following result for compact real-hyperbolic
spaces, which we previously treated in [DS17, Corollary 116] (see also [Yeu94, Theorem
2.4.1] for estimates outside the critical degree).
Theorem 18. Let (Mn := Γ\HnR) be a closed real-hyperbolic manifold with secgR = −1
and injectivity radius injM ≥ 1. Given a cofinal filtration {Γi} of Γ, denote by pii : Mi →M
the regular Riemannian cover of M associated to Γi. For any integer k <
n−1
2 , there exists
a positive constant c1(n, k) such
bk(Mi)
V ol(Mi)
≤ c1(n, k)Vmin(Mi)−
n−1−2k
n−1 . (19)
In particular, the sub volume growth of the Betti numbers along the tower of coverings is
exponential in the injectivity radius. For the critical degree k = n−12 , there exists a positive
constant c2(n) such that
bk(Mi)
V ol(Mi)
≤ c2(n)
injMi
. (20)
Remarks 21. Along a cofinal tower one can show that
injMi →∞, as i→∞,
see for example [DW78, Theorem 2.1], so that Theorem 18 immediately implies that the
normalized Betti numbers go to zero along the tower.
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For the rest of this section, we focus on (Γ\HnK, gK) with K = C,H, or O. For the re-
mainder of the paper Γ will always denote a torsion free discrete subgroup of the isometries
of HnK. Let injΓ denote the injectivity radius of (Γ\HnK, gK).
Given a 1-form φ, let e(φ) denote exterior multiplication on the left by φ. Let e∗(φ)
denote the adjoint operator. Fix a point p ∈M , and consider a geodesic ball BR(p), with
0 < R ≤ injΓ. Given a local orthonormal frame { ∂∂r} ∪ {Vj}j and coframe {dr} ∪ {ωj}j ,
recall that acting on forms of arbitrary degree, the Lie derivative in the radial direction
in BR(p) can be written as
L∂r = {d, e∗(dr)} = ∇∂r + e(ωj)e∗(∇Vjdr). (22)
The Hopf fibers are framed; so, we will henceforth choose our orthonormal frame so that
for 1 ≤ j ≤ dim(K)− 1, Vj is tangent to the fiber and globally defined in BR(p). We call
such a frame and coframe adapted. Next, for any harmonic k-form h on Γ\HnK, we define
dim(K) auxiliary nonnegative functions that naturally arise in our Price equality. Set
µh(r) :=
∫
Sr
|e∗(dr)h|2dσ∫
Sr
|h|2dσ , (23)
and
ζjh(r) :=
∫
Sr
|e∗(ωj)h|2dσ∫
Sr
|h|2dσ , (24)
for j ∈ 1, ...,dim(K) − 1, where dσ is the Riemannian measure induced on the geodesic
sphere Sr by gK. These functions are by definition non negative, bounded from above by
one, and well defined for any 0 < r ≤ injΓ. (In fact, we only need
∑
j ζ
j
h in applications;
so, it is not really necessary that the tangent space to the fiber be framed.)
With this notation, we can now state and prove our first lemma.
Lemma 25. Given h ∈ Hk(Γ\HnK), p ∈ Γ\HnK, and R ∈ (0, injΓ), we have∫
SR(p)
(1
2
− µh(R)
)
|h|2dσ =
∫
BR(p)
qh(r)|h|2dv
with
qh(r) =
HK,n(r)
2
− k coth(r)− tanh(r)
dim(K)−1∑
j=1
ζjh(r) + µh(r) coth(r),
with HK,n(r) as in Equation (15).
9
Proof. In an orthonormal adapted coframe dr, ω1, ..., ωmK,n , we have by Proposition 13
L∂r = ∇r + e(ωj)e∗(∇Vjdr)
= ∇r + (coth(r) + tanh(r))
dim(K)−1∑
j=1
e(ωj)e∗(ωj) + coth(r)
mK,n∑
j=dim(K)
e(ωj)e∗(ωj)
= ∇r + coth(r)
{
e(dr)e∗(dr) +
mK,n∑
j=1
e(ωj)e∗(ωj)
}
− coth(r)e(dr)e∗(dr) + tanh(r)
dim(K)−1∑
j=1
e(ωj)e∗(ωj).
We therefore conclude that∫
BR
〈L∂rh, h〉dv =
∫
SR(p)
|e∗(dr)h|2dσ
=
∫
BR(p)
〈∇∂rh, h〉dv + k
∫
BR
coth(r)|h|2dv
−
∫
BR
µh(r) coth(r)|h|2dv +
dim(K)−1∑
j=1
∫
BR
ζjh(r) tanh(r)|h|2dv,
= −
∫
BR
HK,n(r)
2
|h|2dv + 1
2
∫
SR
|h|2dσ + k
∫
BR
coth(r)|h|2dv
−
∫
BR
µh(r) coth(r)|h|2dv +
dim(K)−1∑
j=1
∫
BR
ζjh(r) tanh(r)|h|2dv.
We rearrange these terms to obtain∫
SR
(1
2
|h|2 − |e∗(dr)h|2
)
dσ
=
∫
BR
HK,n(r)
2
|h|2dv − k
∫
BR
coth(r)|h|2dv
+
∫
BR
µh(r) coth(r)|h|2dv −
dim(K)−1∑
j=1
∫
BR
ζjh(r) tanh(r)|h|2dv,
and the lemma follows from Equations (52) and (24).
We now control the positivity of the geometric term qh(r) appearing in Lemma 25.
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Lemma 26. Given h ∈ Hk(Γ\HnK), p ∈ Γ\HnK, and r ∈ (0, injΓ), we have
qh(r) >
dim(HnK)− dim(K)
2
− k ≥ 1,
if dim(K)− 1 < k < dim(HnK)−dim(K)2 ;
qh(r) >
dim(HnK) + dim(K)− 2
2
− 2k ≥ 1,
if k ≤ dim(K)− 1,
unless
K = C, n = 2, k = 1,
K = H, n = 2, k = 3,
K = O, n = 1, k = 6, 7.
In particular, in all of these cases we have µh(r) < 1/2 for any 0 < r < injΓ.
Proof. First observe that for any 0 < r < injΓ, qh(r) satisfies
qh(r) ≥
(HK,n(r)
2
−
k∑
i=1
λi(r)
)
,
where the {λi}i are the ordered eigenvalues of the second fundamental form of the geodesic
sphere Sr as in (17). We then conclude using Lemma 16.
We can now state a general Price inequality for rank one locally symmetric spaces.
Lemma 27. Let injΓ ≥ 1. There exists a constant d(K,n,k) > 0 such that for h ∈
11
Hk(Γ\HnK) and p ∈ Γ\HnK,
∫
B1(p)
|h|2dv ≤ d(K,n,k)Vmin(Γ\HnK)
− (dim(H
n
K)−dim(K)−2k)injΓ
dim(HnK)+dim(K)−2
∫
BinjΓ (p)
|h|2dv,
if dim(K)− 1 < k < dim(HnK)−dim(K)2 ;∫
B1(p)
|h|2dv ≤ d(K,n,k)Vmin(Γ\HnK)
− (dim(H
n
K)+dim(K)−4k)injΓ
dim(HnK)+dim(K)−2
∫
BinjΓ (p)
|h|2dv,
if k ≤ dim(K)− 1,
unless
K = C, n = 2, k = 1,
K = H, n = 2, k = 3,
K = O, n = 1, k = 6, 7.
Proof. The integral equality for harmonic forms of Proposition 16 in [DS17] implies
φh(τ)
∫
Bτ (p)
qh(s)|h|2dv =
∫
B1(p)
qh(s)|h|2dv ≥
∫
B1
|h|2dv
with
φh(τ) = e
− ∫ τ1 qh(s)ds1
2−µh(s) .
By Lemma 26, we know that µh(s) < 1/2 for any s ≤ injK. If we then integrate the lower
bounds on qh(s) given in Lemma 26, we obtain the desired bounds.
We can now prove an effective bound for Betti numbers of rank one compact locally
symmetric spaces.
Theorem 28. There exists a positive constant c(K,n,k) such that if Γ is cocompact and
12
injΓ ≥ 1, 
bk(Γ\HnK)
V ol(Γ\HnK)
≤ c(K,n,k)Vmin(Γ\HnK)
− (dim(H
n
K)−dim(K)−2k)injΓ
dim(HnK)+dim(K)−2 ,
if dim(K)− 1 < k < dim(HnK)−dim(K)2 ;
bk(Γ\HnK)
V ol(Γ\HnK)
≤ c(K,n,k)Vmin(Γ\HnK)
− (dim(H
n
K)+dim(K)−4k)injΓ
dim(HnK)+dim(K)−2 ,
if k ≤ dim(K)− 1,
unless
K = C, n = 2, k = 1,
K = H, n = 2, k = 3,
K = O, n = 1, k = 6, 7.
Proof. Once we have the Price inequality in Lemma 27, an estimate on the Betti numbers
follows from the general peaking and Moser iteration arguments given in [DS17, Section
5].
Theorem 28 sharpens the bounds for negatively curved and quarter-pinched manifolds
given by the general theory developed in Section 7 of [DS17]. Indeed, Theorem 28 relies
heavily upon the special properties of the locally symmetric metrics on rank one locally
symmetric spaces. In the next section, we push this analysis further by exploiting the
Ka¨hler properties of the complex-hyperbolic metric.
4 Refined Estimates for Compact Quotients of HnC
In this section, we improve the results of Section 3 in the case of complex-hyperbolic
manifolds. These further results rely on the fact that, in this case, the metric is not only
symmetric but also Ka¨hler. If we regard HnC as the unit ball Bn in Cn, the Ka¨hler form is
ωC =
i
2
∂∂ log(1− |z|2). (29)
The associated Riemannian metric is exactly the metric gC discussed in Section 2. Given
a compact complex-hyperbolic manifold Γ\HnC, we denote by J its complex structure
operator. Let h be a harmonic k−form on Γ\HnC. Since Γ\HnC is Ka¨hler, Jh is also
harmonic with
|h|(p) = |Jh|(p),
for any p. In a geodesic ball, J ∂∂r is tangent to the Hopf fiber. Hence we can choose the
adapted coframe used in the definition (24) with ω1 = Jdr. Thus, we find convenient to
set
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ζh(r) :=
∫
Sr(p)
|e∗(Jdr)h|2dσ∫
Sr(p)
|h|2dσ , (30)
where ζh(r) = ζ
1
h(r) in our prior notation. Finally, since
|e∗(dr)(Jh)| = |e∗(Jdr)(h)|, and |e∗(Jdr)(Jh)| = |e∗(dr)h|,
we conclude that
µJh = ζh, ζJh = µh. (31)
We now derive a strengthened Price equality for complex-hyperbolic manifolds. We
start with the following integration by parts formula.
Lemma 32. Let n ≥ 2. Given h ∈ Hk(Γ\HnC) with k < n, p ∈ Γ\HnC, and R < injΓ, we
have ∫
SR(p)
(
1− µh(R)− µJh(R)
)|h|2dσ = ∫
BR(p)
q(r)|α|2dv
with µh(R) = µJh(R) < 1/2, and
q(r) > 2(n− k − 1) coth(r) + 2 tanh(2r).
Proof. For R ≤ injΓ, apply Lemma 25 to both h and Jh in Hk(Γ\HnC) to obtain∫
SR(p)
(1
2
− µh(R)
)
|h|2dσ =
∫
BR
(HC,n(r)
2
− k coth(r)
)
|h|2dv (33)
+
∫
BR
µh(r) coth(r)|h|2dv
−
∫
BR
µJh(r) tanh(r)|h|2dv,
and ∫
SR(p)
(1
2
− µJh(R)
)
|Jh|2dσ =
∫
BR
(HC,n(r)
2
− k coth(r)
)
|Jh|2dv (34)
+
∫
BR
µJh(r) coth(r)|Jh|2dv
−
∫
BR
µh(r) tanh(r)|Jh|2dv.
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Since |h|2 = |Jh|2, summing Equations (58) and (88) yields∫
SR(p)
(
1− µh(R)− µJh(R)
)|h|2dσ (35)
=
∫
BR(p)
(
(2n− 2k − 1) coth(r) + tanh(r))|h|2dv
+
∫
BR(p)
(
(µh(r) + µJh(r)) coth(r)− (ζh(r) + ζJh(r)) tanh(r)
)|h|2
=
∫
BR(p)
(
(2n− 2k − 1) coth(r) + tanh(r))|h|2dv
+
∫
BR(p)
(µh(r) + µJh(r))(coth(r)− tanh(r))|h|2dv
>
∫
BR
(
(2(n− k − 1)) coth(r) + 2 coth(2r))|h|2dv.
The positivity of the right hand side of (35) for nonzero h implies µh + µJh < 1. To see
that µh = µJh, we now take the difference of equations (58) and (88) to obtain∫
SR(p)
(
µJh − µh
)
|h|2dσ =
∫
BR
(µh − µJh)2 coth(2r)|h|2dv. (36)
Set F :=
∫
BR
(µh − µJh)2 coth(2r)|h|2dv. Then we can rewrite (36) as
F ′ = −2 coth(2r)F. (37)
Hence
F (r) =
sinh(2σ)
sinh(2r)
F (σ). (38)
Since F (0) = 0, (38) requires F (σ) = 0 for all σ, and µh = µJh <
1
2 follows.
Following Proposition 16 in [DS17], we have the following Price inequality for complex-
hyperbolic manifolds.
Lemma 39. Let injΓ ≥ 1. There exists a constant d(n, k) > 0 such that if h ∈ Hk(Γ\HnC)
with k < n, p ∈ Γ\HnC, and τ < injΓ, then∫
B1(p)
|h|2dv ≤ c(n, k)e−2(n−k)τ
∫
Bτ (p)
|h|2dv. (40)
Proof. We have that
φ(τ)
∫
Bτ (p)
q(s)|h|2dv =
∫
B1(p)
q(s)|h|2dv ≥
∫
B1
|h|2dv,
with
φ(τ) ≤ e−
∫ τ
1 q(s)ds.
Integrating the lower bound on q(s) given in Lemma 32, we obtain the desired bound.
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We can now give an effective bound for the Betti numbers of compact complex-
hyperbolic manifolds.
Corollary 41. Let Γ be co-compact, with injΓ ≥ 1. For any positive integer k < n,
bk(Γ\HnC)
V ol(Γ\HnC)
≤ d(n, k)Vmin(Γ\HnC)
k−n
n ,
where d(n, k) is a positive constant depending only on the dimension and the degree k.
Proof. Given the Price inequality in Lemma 39, the Betti number estimate follows from
the peaking and Moser iteration arguments given in Section 5 of [DS17].
Sarnak and Xue [SX91, Equation 21] show that with the metric normalization given by
an embedding of a semisimple real Lie group G into GL(N,R) associated to an arithmetic
structure, the injectivity radius of Γq\G/K for Γq a level q congruence subgroup, K a
maximal compact subgroup of G, satisfies
injΓq ≥ 2 ln(q), (42)
Returning now to G = SU(n, 1), we rewrite this in a less scale dependent manner as
V ol(BinjΓq ) ≥ ωnq2n +O(q(2n−1)),
for some constant ωn depending on the dimension only. By [SX91, Equation 22], there
exists a constant C > 0, independent of q such that
V ol(Γq\HnC) ≤ Cqn
2+2n.
Hence for q large, we have for some c > 0, independent of q:
Vmin(Γq\HnC)) ≥ cV ol(Γq\HnC)
2
n+2 .
Consequently,
bk(Γq\HnC) ≤ c(k)V ol(Γq\HnC)
n2+2k
n2+2n .
When n = 2, we have
b1(Γq\H2C) ≤ c(1)V ol(Γq\H2C)
3
4 .
5 Peaking Revisited
We now shift our attention to complete finite volume hyperbolic manifolds. As a first step
towards treating cusps, we reformulate the peaking equality of [DS17], embedding it in an
infinite family of equalities that can be used to estimate Betti numbers. We first record
an elementary calculus lemma.
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Lemma 43. Let φ : Rb → R be a nonzero linear function. Then
b =
max{|φ(h)|2 : h ∈ Sb−1}∫
Sb−1 |φ(h)|2dσh
, (44)
where dσh is the usual Riemannian measure on the unit sphere, renormalized to give the
sphere unit volume.
Proof. Rotate coordinates so that φ(h) = ah1. We then have
max{|φ(h)|2 : h ∈ Sb−1}∫
Sb−1 |φ(h)|2dσh
=
a2∫
Sb−1 a
2h21dσh
= b,
and the proof is complete.
Let (M, g) be a Riemannian manifold. The unit sphere bundle
pi : S(ΛkTM)→M
of ΛkTM inherits a canonical metric from the metric on M , and a choice of a metric on
the spherical fiber. We pick the standard symmetric metric on the spherical fiber and scale
it to have volume 1. Let dv¯ denote the associated Riemannian measure on S(ΛkTM). We
then have:
V ol(S(ΛkTM)) =
∫
S(ΛkTM)
1dv¯ =
∫
M
1dv = V ol(M).
Let S(Hk(M)) denote the unit sphere in Hk(M), where Hk(M) is endowed with the
Hilbert space structure given by the L2-inner product on harmonic k− forms.
Corollary 45. For each p¯ ∈ S(ΛkTM) such that h(p¯) 6= 0 for some h ∈ Hk(M), we have
bk2(M) := dimR(Hk(M)) =
max{|h(p¯)|2 : h ∈ S(Hk(M))}∫
S(Hk(M)) |h(p¯)|2dσh
, (46)
where dσh is the usual Riemannian measure on the unit sphere, renormalized to give the
sphere unit volume.
Proof. Given such p¯ ∈ S(ΛkTM), consider the associated non-zero linear function ob-
tained by evaluating h ∈ Hk(M) at p¯. Apply Lemma 43 to this linear function, and the
proof is complete.
Next, observe that the L2-norm on k-forms satisfies for all measurable Ω ⊂M ,∫
Ω
|h|2(p)dvp =
(
n
k
)∫
pi−1(Ω)
|h(p¯)|2dv¯p¯, (47)
as the volume of the fibers is one. Using (47), we write
1 =
∫
M
∫
S(Hk(M))
|h|2(p)dvpdσh =
(
n
k
)∫
S(ΛkTM)
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯; (48)
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hence the average value of
∫
S(Hk(M)) |h|2(p)dσh and
(
n
k
) ∫
S(Hk(M)) |h(p¯)|2dσh is 1V ol(M) .
When working on manifolds with cusps, we would like for some p¯ ∈ S(ΛkTM) for
which (
n
k
)∫
S(Hk(M))
|h(p¯)|2dσh ≥ 1
V ol(M)
to live above the thick part of the manifold. In fact, when this is the case, Corollary 45
implies
bk2(M) ≤ max{|h(p¯)|2 : h ∈ S(Hk(M))}
(
n
k
)
V ol(M),
and as |h(p¯)|2 ≤ |h|2(pi(p¯)), we obtain an upper bound on bk2(M) by using a Price inequality
on geodesic balls and a Moser iteration argument. We refer to Sections 8 and 9.2 for the
implementation of this strategy on finite volume hyperbolic manifolds with cusps.
On the other hand, if there is no such p, we obtain additional information, which we
record with a lemma.
Lemma 49. Let S(ΛkTM) = pi−1(Ω1 ∪ Ω2), where Ω1 and Ω2 are measurable subsets of
M . Given α ∈ (0, 1), suppose that(
n
k
)∫
pi−1(Ω1)
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ < αV ol(Ω1)
V ol(M)
.
Then, the average value of
(
n
k
) ∫
S(Hk(M)) |h(p¯)|2dσh for p¯ ∈ pi−1(Ω2) is greater than or
equal to 1−αV ol(Ω2) .
Proof. From Equation (48), we have
1 =
∫
S(ΛkTM)
(
n
k
)∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯
≤
∫
pi−1(Ω1)
(
n
k
)∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ +
∫
pi−1(Ω2)
(
n
k
)∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯
≤ αV ol(Ω1)
V ol(M)
+
∫
pi−1(Ω2)
(
n
k
)∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯. (50)
Hence ∫
pi−1(Ω2)
(
n
k
)∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ ≥ (1− α),
and the result follows.
We will use this lemma to balance the relatively small volume of the cusp regions
against the smaller injectivity radius at a point in a cusp.
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6 L2-Harmonic Forms on Real-Hyperbolic Cusps
Cusps of complete finite volume real-hyperbolic manifolds are isometric to [0,∞) × F ,
equipped with the metric ds2 + e−2sgF , where F is a compact quotient of the (n − 1)-
dimensional Euclidean space, and gF is a flat metric on F . For simplicity, for most of
this section, we consider cusps of complete finite volume real-hyperbolic manifolds that
are isometric to [0,∞)× Tn−1, equipped with the metric ds2 + e−2sgTn−1 , where Tn−1 is
an (n− 1)-dimensional real torus, and gTn−1 is a flat metric on Tn−1. This is always the
case, if for example, the manifold is the quotient of hyperbolic space by a neat arithmetic
subgroup. The Price inequality for general cusps follows immediately from this special
case, as we show at the end of this section. (Moreover, given a complete finite volume
real-hyperbolic manifold, one can always pass to a finite cover where all of the cusps have
tori cross sections, see for example [Hum98]. If a base of a tower of manifolds has this
property, then so does every manifold in the tower.)
Given a covariant constant orthonormal frame and coframe on T0, extend it to a ∇ ∂
∂s
covariant constant frame { ∂∂s} ∪ {Xi}n−1i=1 and coframe {ds} ∪ {ωi}n−1i=1 on the cusp. Using
the explicit form of the hyperbolic metric on the cusp and the flatness of gTn−1 , it is
straightforward to verify that:
∇∂s∂s = 0, ∇XiXj = δij
∂
∂s
, ∇Xi
∂
∂s
= −Xi.
On differential forms, we have therefore the following identity
L∂s = ∇∂s +
n−1∑
i=1
e(ωj)e
∗(∇Xjds)
= ∇∂s −
n−1∑
i=1
e(ωj)e
∗(ωj)− e(ds)e∗(ds) + e(ds)e∗(ds),
so that the pointwise inner product (L∂sα, α) satisfies
(L∂sα, α) = (∇∂sα, α)− k|α|2 + |i∂sα|2. (51)
Given a strongly harmonic L2 k-form α on a cusp, define for s ∈ [0,∞)
µα(s) :=
∫
Ts
|i∂sα|2dσs∫
Ts
|α|2dσs . (52)
For 0 ≤ s < K, define ΩuK to be the subset of the cusp identified with [u,K] × Tn−1.
For s ∈ [0,∞), we denote by Ts the cross section {s} × Tn−1 equipped with the induced
metric. With this notation, we have the following:∫
ΩuK
(L∂sα, α)dv =
∫
ΩuK
({d, i∂s}α, α)dv =
∫
ΩuK
(d ◦ i∂sα, α)dv (53)
=
∫
TK
|i∂sα|2dσ −
∫
Tu
|i∂sα|2dσ.
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We also have∫
ΩuK
(∇∂sα, α)dv =
1
2
∫
ΩuK
∂s|α|2dv (54)
=
1
2
∫
TK
|α|2dσ − 1
2
∫
Tu
|α|2dσ + n− 1
2
∫
ΩsK
|α|2dv.
Using Equations (51), (53), and (54), we have∫
TK
|i∂sα|2dσ −
∫
Tu
|i∂sα|2dσ =
(n− 1
2
− k
)∫
ΩsK
|α|2dv +
∫
ΩsK
|i∂rα|2dv (55)
+
1
2
∫
TK
|α|2dσ − 1
2
∫
Tu
|α|2dσ.
Use Definition (52) to rewrite this as∫
Tu
(1
2
− µα(s)
)
|α|2dσ −
∫
TK
(1
2
− µα(K)
)
|α|2dσ =
∫
ΩuK
(n− 1
2
− k + µα
)
|α|2dv.
(56)
Specialize now to the case k < n−12 , which makes the right hand side of (56) nonnegative.
Since α is L2, ∫ ∞
0
(∫
Ts
|α|2dσ
)
ds =
∫
Ω0∞
|α|2dv <∞.
Hence there exists a sequence {Ki} ⊂ (0,∞) going to ∞, such that
lim
i→∞
∫
TKi
|α|2dσ = 0,
and since µα(r) is bounded, we conclude that
lim
i→∞
∫
TKi
(1
2
− µα(Ki)
)
|α|2dσ = 0.
Thus, for any u ∈ [0,∞) we have∫
Tu
(1
2
− µα(s)
)
|α|2dσ =
∫
Ωu∞
(n− 1
2
− k + µα
)
|α|2dv. (57)
This gives us the following useful corollary.
Corollary 58. For any u ∈ [0,∞) we have∫
Tu
(1
2
− µα(u)
)
|α|2dσ ≥ 0. (59)
In particular, 0 ≤ µα(u) < 12 . Moreover,
∫
Tu
(
1
2 − µα(u)
)
|α|2dσ is decreasing.
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Corollary 58 and Equation (57) enables us to estimate the decay of
∫
Ωu∞ |α|2dv as u
increases. Define
g(s) :=
∫
Ωs∞
(n− 1
2
− k + µα
)
|α|2dv.
For some differentiable φ(u) to be determined, multiply Equation (57) by φ′(u) and inte-
grate from σ to τ to obtain:∫
Ωστ
φ′(s)
(1
2
− µα
)
|α|2dv = φ(τ)g(τ)− φ(σ)g(σ)−
∫ τ
σ
φ(s)g′(s)ds (60)
= φ(τ)g(τ)− φ(σ)g(σ) +
∫
Ωστ
φ(s)
(n− 1
2
− k + µα
)
|α|2dv.
Choose
φ(s) := e
∫ s
0
[
(n−1)
2 −k+µα(u)]
1/2−µα(u) du ≥ e(n−1−2k)s. (61)
With this choice, the two volume integrals in Equation (60) cancel, reducing Equation 60
to
φ(σ)g(σ) = φ(τ)g(τ),
which we expand as
φ(σ)
∫
Ωσ∞
(n− 1
2
− k + µα
)
|α|2dv = φ(τ)
∫
Ωτ∞
(n− 1
2
− k + µα
)
|α|2dv. (62)
Setting
Cα :=
∫
Ω0∞
(n− 1
2
− k + µα
)
|α|2dv,
gives for any K > 0,∫
ΩK∞
(n− 1
2
− k + µα
)
|α|2dv = Cα
φ(K)
≤ Cαe−(n−1−2k)s.
We summarize this discussion with a proposition which is the cusp analog of the
Price inequality for geodesic balls proved in [DS17]; so, it seems natural to refer to the
monotonicity inequality in Proposition 63 as a cuspidal Price inequality.
Proposition 63. Let α be an L2-harmonic k-form, k < n−12 , on an n-dimensional real-
hyperbolic manifold. For any s > 0, on any cusp we have∫
Ωs∞
|α|2dv ≤ cn,ke−(n−1−2k)s
∫
Ω0∞
|α|2dv, (64)
where cn,k :=
n+1−2k
n−1−2k .
Proof. The argument detailed above proves this proposition for L2-harmonic k-forms,
k < (n − 1)/2, on a real-hyperbolic cusp with torus cross section. For a general real-
hyperbolic cusp C := [0,∞) × F , write F = Λ\Rn−1, with Λ crystallographic, and let
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Λ′ ≤ Λ be a finite index abelian subgroup. The existence of such a subgroup follows from
Bieberbach’s theorem, see for example Chapter 3 in [Wol11]. Let Tn−1 := Λ′\Rn−1 and
consider the associated regular Riemannian cover
p′ : Tn−1 × [0,∞) −→ F × [0,∞).
Given α on C, consider its pull-back p′∗α to Tn−1 × [0,∞). We conclude using the
multiplicativity under covers of both sides in the inequality in (64).
7 L2-Harmonic Forms on Complex-Hyperbolic Cusps
Up to finite cover, cusps of finite volume n-dimensional complex-hyperbolic manifold are
diffeomorphic to [0,∞) × N , where N is a circle bundle with connection over a 2n − 1
torus (cf. Remark 72). In other words, the cross-section N is a nilmanifold. The metric
on the product is given by
g = ds2 + e−4sgF + e−2sgH , (65)
where gF is a metric on the circle fiber extended to N by the connection, and gH is
the pull-back to N of a flat metric on the T 2n−1 base. Let Ns := {s} × N with the
induced metric. Let ΩuK denote the subset of the cusp corresponding to [u,K]×N . Let
{ ∂∂s} ∪ {ej}2n−1j=1 and {ds} ∪ {ωj}2n−1j=1 be a local orthonormal frame and dual frame with
e1 tangent to the circle fiber. With this notation, acting on k−forms we have
L ∂
∂s
= ∇ ∂
∂s
−
2n−1∑
j=2
e(ωj)e∗(ωj)− 2e(ω1)e∗(ω1)
= ∇ ∂
∂s
− k · Id− e(ω1)e∗(ω1) + e(ds)e∗(ds), (66)
where Id denotes the identity operator on k-forms. Let J denote the complex structure
operator. Then Jds = ±ω1. Let α be a strongly harmonic k-form. Then Jh is also a
strongly harmonic k-form, and defining µα as in (52), we have the equality
µJα(s) =
∫
Ns
|ie1α|2dσ∫
Ns
|α|2|dσ . (67)
Arguing as in the preceding section, we deduce∫
Ωu∞
(n− k + µα − µJα)|α|2dv =
∫
Nu
(1
2
− µα
)
|α|2dσ (68)
Summing (68) with the corresponding equation for Jα yields∫
Ωu∞
(2n− 2k)|α|2dv =
∫
Nu
(1− µα − µJα)|α|2dσ. (69)
Arguing as in the proof of Proposition 63 yields the following cuspidal Price inequality for
complex hyperbolic spaces.
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Proposition 70. Let α be a strongly L2 harmonic k-form, k < n, on an n-dimensional
complex-hyperbolic space. For any s > 0, on each cusp, we have∫
Ωs∞
|α|2dv ≤ e−2(n−k)s
∫
Ω0∞
|α|2dv. (71)
Proof. Proceed similarly to Equation 60 in the proof of Proposition 63, and in this case
define for s > 0
g(s) :=
∫
Ωs∞
2(n− k)|α|2dv.
Thus, following the argument detailed in Section 6, this proposition is proved for complex-
hyperbolic cusps with nilmanifolds cross sections. (Unlike in Proposition 63, in this case
the constant cn,k can be taken to be one.) For general cusps with infranilmanifolds cross
sections, we conclude using the multiplicativity under covers of both sides in the inequality
in (71).
Remark 72. As with real-hyperbolic manifolds, one can always pass to a finite cover of a
complete finite volume complex-hyperbolic manifold for which all cusps have nilmanifold
cross sections, see for example [Hum98]. In the arithmetic case, it suffices to pass to a
suitable congruence subgroup. This fact, however, is not needed for our estimates.
8 L2-Betti Number Estimates away from Middle Degree
We continue to assume Γ is always discrete and torsion free. Given Γ of co-finite volume,
bk2(Γ\HnC) is always finite, see Section 1 for more details and references. In this section,
we derive effective estimates for bk2 on such ball quotients. We start with a proposition.
Proposition 73. Let Γ be co-finite volume. Decompose as a disjoint union
Γ\HnC = M0 ∪ (∪jCj),
where each Cj is a cusp, parameterized by [0,∞)×N j. Let ΩjuK denote the subset of Cj
parameterized by [u,K)×N j. Suppose that:∫
pi−1(M0)
(
2n
k
)∫
S(Hk(Γ\HnC))
|h(p¯)|2dσhdv¯p¯ < V ol(M0)
2V ol(Γ\HnC)
. (74)
Then for k < n the average value of(
2n
k
)∫
S(Hk(Γ\HnC))
|h(p¯)|2dσh on pi−1(∪jΩj01)
is greater than
1
4
∑
j V ol(Ω
j
01)
.
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Proof. Combining (74) and (47) with Lemma 49, we obtain∑
j
∫
Ωj0∞
∫
S(Hk(Γ\HnC))
|h|2(p)dσhdvp ≥ 1
2
. (75)
Using the Price inequality given in Proposition 70, for each j we have:∫
S(Hk(Γ\HnC)))
∫
Ωj1∞
|h|2(p)dvpdσh ≤ e−2(n−k)
∫
S(Hk(Γ\HnC)))
∫
Ωj0∞
|h|2(p)dvpdσh,
so that∫
S(Hk(Γ\HnC)))
∫
Ωj01
|h|2(p)dvpdσh ≥ (1− e−2(n−k))
∫
S(Hk(Γ\HnC)))
∫
Ωj0∞
|h|2(p)dvpdσh.
Combining this last estimate with (75) yields
∑
j
∫
Ωj01
∫
S(Hk(Γ\HnC))
|h(p)|2dσhdvp ≥ 1− e
−2(n−k)
2
>
1
4
,
and the result follows.
We can now estimate from above the dimension of the space of L2-harmonic forms on
a complete finite volume complex-hyperbolic manifold.
Corollary 76. Let Γ be co-finite volume. Decompose as a disjoint union
Γ\HnC = M0 ∪ (∪jCj),
where each Cj is a cusp parameterized by [0,∞) × N j. Let ΩjuK denote the subset of Cj
parameterized by [u,K)×N j. Then for some cn,k > 0,
bk2(Γ\HnC) ≤ cn,k
[
V ol(Γ\HnC)Vmin(M0)
k−n
n + V ol(∪jCj)Vmin(∪jΩj01)
k−n
n
]
.
Proof. First, recall that by Corollary 45, if p¯ ∈ S(ΛkT (Γ\HnC)) is such that h(p¯) 6= 0 for
some h ∈ Hk(Γ\HnC) then:
bk2(Γ\HnC) =
max{|h(p¯)|2 : h ∈ S(Hk(Γ\HnC))}∫
S(Hk(Γ\HnC)) |h(p¯)|
2dσh
.
If there exists a point p¯ ∈ pi−1(M0), such that(
2n
k
)∫
S(Hk(Γ\HnC))
|h(p¯)|2dσh ≥ 1
2V ol(Γ\HnC)
,
then
bk2(Γ\HnC) ≤ max{|h(p¯)|2 : h ∈ S(Hk(Γ\HnC))}
(
n
k
)
· 2V ol(Γ\HnC),
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and the usual Price and Moser tell us that there exists a constant dn,k > 0 such that
bk2(Γ\HnC) ≤ dn,kV ol(Γ\HnC)Vmin(M0)
k−n
n .
Suppose now that for every p¯ ∈ pi−1(M0) we have(
2n
k
)∫
S(Hk(Γ\HnC))
|h(p¯)|2dσh < 1
2V ol(Γ\HnC)
.
This implies that(
2n
k
)∫
pi−1(M0)
∫
S(Hk(Γ\HnC))
|h(p)|2dσhdv¯p¯ < V ol(M0)
2V ol(Γ\HnC)
.
Proposition 73 then implies the existence of p¯ ∈ pi−1(∪jΩj01) with(
2n
k
)∫
S(Hk(Γ\HnC))
|h(p¯)|2dσh ≥ 1
4
∑
j V ol(Ω
j
01)
.
Thus
bk2(Γ\HnC) ≤ max{|h(p¯)|2 : h ∈ S(Hk(Γ\HnC))}
(
2n
k
)
· 4
∑
j
V ol(Ωj01). (77)
By Price and Moser, we then have for some constant en,k > 0
bk2(Γ\HnC) ≤ en,kVmin(∪jΩj01)
k−n
n
(
4
∑
j
V ol(Ωj01)
)
.
Setting cn,k := max{dn,k, en,k} completes the proof.
Similarly, we have the following proposition and corollary.
Proposition 78. Let Γ be co-finite volume. Decompose as a disjoint union
Γ\HnR = M0 ∪ (∪jCj),
where each Cj is a cusp, parameterized by [0,∞)×N j. Let ΩjuK denote the subset of Cj
parameterized by [u,K)×N j. Suppose that:∫
pi−1(M0)
(
n
k
)∫
S(Hk(Γ\HnR))
|h(p¯)|2dσhdv¯p¯ < V ol(M0)
2V ol(Γ\HnR)
.
For k < (n− 1)/2 set
Rn,k :=
1
n− 1− 2k ln
2(n+ 1− 2k)
n− 1− 2k .
Then the average value
(
n
k
) ∫
S(Hk(Γ\HnR)) |h(p¯)|
2dσh on pi
−1(∪jΩj0Rn,k) is greater than
1
4
∑
j V ol(Ω
j
0Rn,k
)
.
25
Proof. Combining the hypotheses with (47) and Lemma 49, we obtain∑
j
∫
Ωj0∞
∫
S(Hk(Γ\HnR))
|h|2(p)dσhdvp ≥ 1
2
. (79)
Using the Price inequality on real hyperbolic cusps proved in Proposition 63, for each j
we have:∫
S(Hk(Γ\HnR)))
∫
ΩjRn,k∞
|h|2(p)dvpdσh ≤ 1
2
∫
S(Hk(Γ\HnR)))
∫
Ωj0∞
|h|2(p)dvpdσh,
so that ∫
S(Hk(Γ\HnR)))
∫
Ωj0Rn,k
|h|2(p)dvpdσh ≥ 1
2
∫
S(Hk(Γ\HnR)))
∫
Ωj0∞
|h|2(p)dvpdσh.
Combining this last estimate with (79) yields∑
j
∫
Ωj0Rn,k
∫
S(Hk(Γ\HnC))
|h(p)|2dσhdvp > 1
4
,
and the result follows.
We can now estimate outside the critical degree the dimension of the space of L2-
harmonic forms on a complete finite volume real-hyperbolic manifold.
Corollary 80. Let Γ be co-finite volume. Decompose as a disjoint union
Γ\HnR = M0 ∪ (∪jCj),
where each Cj is a cusp parameterized by [0,∞)×Tn−1j . Let ΩjuK denote the subset of Cj
parameterized by [u,K) × Tn−1j . For any k < (n − 1)/2, there exists some an,k > 0 such
that
bk2(Γ\HnR) ≤ cn,k
[
V ol(Γ\HnR)Vmin(M0)
2k+1−n
n−1 + V ol(∪jCj)Vmin(∪jΩj0Rn,k)
2k+1−n
n−1
]
.
Proof. As in the proof of Corollary 76, if there exists a point p¯ ∈ pi−1(M0) such that(
n
k
)∫
S(Hk(Γ\HnR))
|h(p¯)|2dσh ≥ 1
2V ol(Γ\HnR)
,
the usual Price and Moser implies that there exists a constant dn,k > 0 such that
bk2(Γ\HnR) ≤ dn,kV ol(Γ\HnC)Vmin(M0)
2k+1−n
n−1 .
Suppose now that for any p¯ ∈ pi−1(M0) we have(
n
k
)∫
S(Hk(Γ\HnC))
|h(p¯)|2dσh < 1
2V ol(Γ\HnR)
.
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By Proposition 73, there exists p¯ ∈ pi−1(∪jΩj0Rn,k) with(
n
k
)∫
S(Hk(Γ\HnR))
|h(p¯)|2dσh ≥ 1
4
∑
j V ol(Ω
j
0Rn,k
)
.
By Price and Moser, for some constant en,k > 0,
bk2(Γ\HnR) ≤ en,kVmin(∪jΩj0Rn,k)
2k+1−n
n−1
(
4
∑
j
V ol(Ωj0Rn,k)
)
.
The proof follows upon setting an,k := max{dn,k, en,k}.
9 Critical Degree for Real-Hyperbolic Manifolds
Corollary 80 does not cover the case bk2(Γ\HnR) when n = 2k + 1. For this critical degree
case, Equation (57) reduces to∫
Tas
(1
2
− µα(s)
)
|α|2dσ =
∫
Ωas∞
µα|α|2dv > 0, (81)
which again implies 0 ≤ µ(s) < 12 . Unfortunately, this identity is difficult to use without
having control of µ(s). Thus, we Fourier expand to obtain additional information and
control on the size of an L2-harmonic form of critical degree on a hyperbolic cusp.
9.1 Fourier Primitives
Consider a standard hyperbolic cusp, say Ca, of a complete finite volume real-hyperbolic
manifold. This is isometric to [0,∞)×T a, where T a = Λa\Rn−1 is an (n−1)-dimensional
real torus associated to a full rank lattice of translations Λa acting on Rn−1. Moreover,
Ca is naturally equipped with the metric g−1 = ds2 + e−2sgTa . Let {tk}n−1k=1 be Euclidean
coordinates on Rn−1. Given a strongly harmonic L2-form h of degree k on Ca, we Fourier
expand
h =
∑
v∈Λ∗a
hv, (82)
where for any k
L ∂
∂tk
hv = 2piivkh
v.
For v 6= 0, set
bv :=
∑
k
vk
2pii|v|2 i ∂∂tk h
v.
Then
dbv =
∑
k
vk
2pii|v|2L ∂∂tk h
v = hv. (83)
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For any R1 > R2 > 0, by (83) we have∫
ΩaR1R2
|h|2dv =
∫
ΩaR1R2
∑
v∈Λ∗a\{0}
〈dbv, hv〉dv +
∫
ΩaR1R2
|h0|2dv
=
∫
TaR2
∑
v∈Λ∗a\{0}
〈ds ∧ bv, hv〉dv −
∫
TaR1
∑
v∈Λ∗a\{0}
〈ds ∧ bv, hv〉dv
+
∫
ΩaR1R2
|h0|2dv, (84)
where in the second equality we used the fact that d∗hv = 0 for all v ∈ Λ∗a. Since h ∈ L2,
taking the limit as R2 →∞ in Equation (84) yields the estimate∫
ΩaR1∞
|h− h0|2dv = −
∫
TaR1
∑
v∈Λ∗a\{0}
〈ds ∧ bv, hv〉dv
≤
∫
TaR1
∑
v∈Λ∗a\{0}
e−R1
2pi|v| |h
v|2dv. (85)
Setting
δΛa := inf
v∈Λ∗a\{0}
|v|,
we have for any R > 0:
eR
∫
ΩaR∞
|h− h0|2dv ≤ 1
2piδΛa
∫
TaR
|h− h0|2dσ. (86)
Integrating (86) from R0 to ∞ yields∫
ΩaR0∞
es|h− h0|2dv ≤
(
eR0 +
1
2piδΛ
)∫
ΩaR0∞
|h− h0|2dσ. (87)
Next, we need to give a bound on the zero mode h0. It has the form
h0 = h00I(s)dt
I + h01J(s)ds ∧ dtJ ,
where we use multi-index notation dtI = dti1 ∧ · · · ∧ dti|I| . Since dh0 = 0, h00I(s) is
constant. Next, let ∗ be the Hodge operator associated to the hyperbolic metric acting on
k = (n− 1)/2-forms. We can write
∗h0 = ±h00Ids ∧ dtI
c ± e−2sh01J(s)dtJ
c
,
where by Ic and Jc we indicate the multi-index complement in Rn−1. Since d∗h0 =
±(∗d∗)h0 = 0, we have that d(∗h0) = 0. This implies e−2sh01J(s) is constant so that
h01J(s) = h
0
1J(0)e
−2s.
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Hence for k = n−12 , we have the equality
|h0(s)|2 = |h00I(0)|2e
(n−1)
2
s + |h01J(0)|2e
(n+1)
2
s,
and we conclude that∫
Ca
|h0|2dv <∞ ⇔ h00I(0) = 0, h01J(0) = 0, ⇒ h0 = 0.
Equation (87) now simplifies to∫
ΩaR0∞
es|h|2dv ≤
(
eR0 +
1
2piδΛa
)∫
ΩaR0∞
|h|2dv.
We summarize this discussion with a lemma.
Lemma 88. Let Ca be a standard real-hyperbolic cusp of dimension n, and let h ∈ L2
be a strongly harmonic form of degree (n− 1)/2 on it. For any R0 ∈ [0,∞), we have the
integral inequality: ∫
ΩaR0∞
es−R0 |h|2dv ≤
(
1 +
e−R0
2piδΛa
)∫
ΩaR0∞
|h|2dv. (89)
Remark 90. We remark that Lemma 88 holds true for non-standard real-hyperbolic cusps
as well. To see this, let C be a real-hyperbolic cusp diffeomorphic to [0,∞) × F , where
F = Λ\Rn−1 is an (n − 1)-dimensional flat manifold associated to a full rank lattice Λ
acting on Rn−1. The lattice Λ does not need to be a lattice of translations in Rn−1, but
by Bieberbach’s theorem (cf. Chapter 3 in [Wol11]), we can always find a finite index
lattice of translations of minimal index Λa ≤ Λs such that [Λ : Λa] ≤ Cn−1, where Cn−1
is a positive constant depending on the dimension only. Consider then the associated
Riemannian cover of index [Λ : Λa]
p : T a × [0,∞) −→ F × [0,∞),
where T a is the (n − 1)-torus associated to the lattice of translations Λa. Given an L2
strongly harmonic form h on C, p∗h is L2 and strongly harmonic on [0,∞)× Ta, with the
pulled back metric. Apply Lemma 88 to p∗h and use the multiplicativity of the integrals
to conclude ∫
ΩR0∞
es−R0 |h|2dv ≤
(
1 +
e−R0
2piδΛa
)∫
ΩR0∞
|h|2dv, (91)
where now ΩR0∞ = [R0,∞)× F .
We now combine the inequality in (89) and Remark 90 with the peaking argument
presented in Section 5 to obtain the following corollary.
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Corollary 92. Let (Γ\HnR, gR) be a complete finite volume real-hyperbolic manifold of odd
dimension n = 2k+1 for some integer k ≥ 1. For R0 ∈ [0,∞), on any cusp Ca = [0,∞)×F
(not necessarily standard) we have∫
Ωa
(R0+1)∞
∫
S(Hk(Γ\HnR))
|h|2dσhdv
≤ e
−R0
2piδΛa
(
e− 1− e
−R0
2piδΛa
)−1 ∫
Ωa
R0(R0+1)
∫
S(Hk(Γ\HnR))
|h|2dσhdv,
where Λa is a lattice of translation of minimal index in Λ, where F := Λ\Rn−1.
Proof. If the cusp has a torus cross section, by Lemma 88 we have∫
Ωa
(R0+1)∞
es−R0 |h|2dv ≤
(
1 +
e−R0
2piδΛa
)∫
ΩaR0∞
|h|2dv −
∫
Ωa
R0(R0+1)
es−R0 |h|2dv,
so that
e
∫
Ωa
(R0+1)∞
|h|2dv ≤
(
1+
e−R0
2piδΛa
)(∫
Ωa
R0(R0+1)
|h|2dv+
∫
Ωa
(R0+1)∞
|h|2dv
)
−
∫
Ωa
R0(R0+1)
|h|2dv,
which implies (
e− 1− e
−R0
2piδΛa
)∫
Ωa
(R0+1)∞
|h|2dv ≤ e
−R0
2piδΛa
∫
Ωa
R0(R0+1)
|h|2dv.
We then conclude by integrating over S(Hk(Γ\HnR)). If the cusp is not standard, let
F = Λ\Rn−1 be the associated flat cross-section, and let Λa be an abelian subgroup of
minimal index in Λ, and conclude the argument by appealing to Remark 90.
When dealing with lattices that are close to a dilation of Zn−1 (as one might expect
to find in congruence subgroup cases) the preceding estimate can be used to extend our
Betti number estimates to the cusped case. In more general lattices, more care is required
balancing the size of δΛa , volumes, and local injectivity radii.
9.2 Cusps and Lattices
Let (Mn := Γ\HnR, gR) be a complete finite volume real-hyperbolic manifold with the
property that all of its cusps are standard. Recall that one can always arrange this to be
the case by passing to a finite regular cover, see for example [Hum98]. Also, assume the
dimension to be n = 2k + 1 for some integer k ≥ 1. As in Section 5, we let
pi : S(ΛkTM)→M
be the unit sphere bundle, where the total space is equipped with the metric induced from
gR and the standard metric on the spherical fiber whose volume is normalized to one. We
denote by dv¯ the associated Riemannian measure on the total space.
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Next, decompose Mn as the disjoint union
M = M0 ∪ (∪aCa),
where each Ca is a cusp parametrized by [0,∞)× T a. Set
Mk := M0 ∪ (∪a([0, k)× T a)), Ca,k := [k,∞)× T a.
Thus, we have
V ol(Ca,k) = e
−k(n−1)V ol(Ca,0).
Let ν(M) be the smallest integer such that(
n
k
)∫
pi−1(Mν(M))
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ ≥
∑ν(M)+1
j=1 j
−2
2ζ(2)
. (93)
Here ζ(2) is the Riemann zeta function evaluated at 2, introduced to normalize the right
hand side of (93) to be smaller than 12 . Equation (48) ensures that ν(M) is well-defined.
If ν(M) > 0, we have(
n
k
)∫
pi−1(Mν(M)−1)
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ <
∑ν(M)
j=1 j
−2
2ζ(2)
, (94)
which then implies(
n
k
)∫
pi−1(Mν(M)\Mν(M)−1)
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ ≥ (ν(M) + 1)
−2
2ζ(2)
.
Hence there exists p¯ ∈ pi−1(Mν(M) \Mν(M)−1) such that(
n
k
)∫
S(Hk(M))
|h(p¯)|2dσh ≥ (ν(M) + 1)
−2
2ζ(2)V ol(Mν(M) \Mν(M)−1)
. (95)
At the cost of decreasing constants on the right hand side of (95), it is convenient to
further restrict the location of p¯ satisfying (a modified) (95). To effect this, define the
index set I(ν(M)) so that
a ∈ I(ν(M)) ⇐⇒ e
2−ν(M)
2piδλa
<
1
4(ν(M) + 1)2
.
Next, we claim that(
n
k
)∫
pi−1((Mν(M)\Mν(M)−1)∩(∪a∈I(ν(M))Ca))
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ < 1
8(ν(M) + 1)2
. (96)
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To verify this, use Corollary 92 with R0 = ν(M)− 2 to obtain∑
a∈I(ν(M))
∫
pi−1(Ωa
(ν(M)−1)∞)
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ < (97)
1
4(ν(M) + 1)2
∑
a∈I(ν(M))
∫
pi−1(Ωa
(ν(M)−2)(ν(M)−1))
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯.
Seeking a contradiction, we note that if Equation (96) does not hold, then Equation (97)
implies∑
a∈I(ν(M))
(
n
k
)∫
pi−1(Ωa
(ν(M)−2)(ν(M)−1))
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ ≥ 4(ν(M) + 1)
2
8(ν(M) + 1)2
=
1
2
.
This contradicts Equation (94), and we have verified that (96) holds. Hence, by Equation
(48) we also know that(
n
k
)∫
pi−1((Mν(M)\Mν(M)−1)∩((∪a∈I(ν(M))Ca)c)
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ ≥ 1
8(ν(M) + 1)2
,
and consequently there exists p¯ ∈ pi−1(Mν(M) \Mν(M)−1) ∩ (∪a∈I(ν(M))Ca)c) such that(
n
k
)∫
S(Hk(M))
|h(p¯)|2dσh ≥ (ν(M) + 1)
−2
8V ol(Mν(M) \Mν(M)−1)
. (98)
Applying Corollary 45 yields
bk2(M) =
maxh∈Sb−1 |h(p¯)|2∫
Sb−1 |h(p¯)|2dσh
≤ 8
(
n
k
)
(ν(M) + 1)2V ol(Mν(M) \Mν(M)−1) max
h∈S(Hk(M))
|h(p¯)|2
≤ 8
(
n
k
)
e−(n−1)ν(M)(ν(M) + 1)2V ol(M1 \M0) max
h∈S(Hk(M))
|h(p¯)|2, (99)
where in the last inequality we used the explicit form of the hyperbolic metric on cusps.
Now, the injectivity radius at pi(p¯) is bigger than or equal to e−ν(M)injM0 , where we set
injM0 := infx∈M0
injx,
cf. Definition 1. Hence if e−ν(M)injM0 ≥ 1, we have
max
h∈S(Hk(M))
|h(p)|2 ≤ Kn
e−ν(M)injM0
,
for some constant Kn depending on the dimension n and gR only. This follows from Price
inequalities for harmonic forms on real-hyperbolic manifolds (see [DS17, Corollary 108]).
Thus, under this assumption on e−ν(M)injM0 , we have
bk2(M) ≤ Dn(ν(M) + 1)2e−(n−2)ν(M)
V ol(M1 \M0)
injM0
. (100)
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In particular, under this restrictive injectivity assumption, we find that
b
n−1
2
2 (M)
V ol(M)
≤ L(n)
injM0
(101)
for some positive constant L(n) depending on the dimension only. This is analogous to
Equation (120) in Theorem 18 for compact real-hyperbolic manifolds, where the global
injectivity radius of the compact hyperbolic manifold is replaced with the injectivity ra-
dius, injM0 , of the thick part of the manifold with cusps.
We now study the remaining case e−ν(M)injM0 < 1. Consider the torus T a = Λa\Rn−1.
We recall some invariants of lattices of translations acting on Euclidean spaces. For
i ∈ {1, ..., n− 1}, set
λi(Λa) := inf{r : dim span Λa ∩ B¯(0, r) ≥ i}, (102)
Then λ1(Λa) is the injectivity radius of T
a, and δΛa = λ1(Λ
∗
a). We recall the lattice
relation for a rank n− 1 lattice:
δΛaλn−1(Λa) ≥ 1. (103)
To see this, let v ∈ Λ∗a such that |v| = δΛa = λ1(Λ∗a). Consider any set w1, ..., wn−1 of
n − 1 linearly independent vectors in (Λ∗a)∗ = Λa. By construction of the dual lattice,
there exists i ∈ {1, ..., n− 1} such that 〈wi, v〉 6= 0, so that
〈wi, v〉 ∈ Z ⇒ |wi| ≥ 1|v| ,
and the proof of (103) is complete. Next, for y ∈ Ωa(ν(M)−1)ν(M) with a 6∈ I(ν(M)), we
have by definition
1
δΛa
≥ 2pie
(ν(M)−2)
4(ν(M) + 1)2
.
Then by (103), we have
λn−1(Λa) ≥ e
ν(M)
5(ν(M) + 1)2
. (104)
Let C˜a denote the universal cover of Ca, and let q : C˜a → Ca denote the projection map.
Recall that our near term goal is to estimate from above |h(p¯)|2 for
pi(p¯) ∈ Ca ∩ (Mν(M) \Mν(M)−1), a 6∈ I(ν(M)),
so that we can exploit (99). We will use elliptic estimates to obtain this pointwise bound
from an integral bound for |h|2 in a geodesic ball about pi(p¯). Such estimates become
worse as the radius of the ball decreases. Hence we will lift h to C˜a, where we can take
the radius to be large. We next bound the L2-norm of the lift in terms of the L2-norm of
h. This entire discussion is nontrivial only when the ambient lattices are far from square.
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In order to estimate these integrals on C˜a, we need to bound the number of elements in
q−1(y)∩B(o, R2 ), R ≤ 1 to be determined, for any o ∈ C˜a ∩ q−1(Mν(M) \Mν(M)−1). Since
this intersection is empty unless there exists y0 ∈ q−1(y) such that B(o, R2 ) ⊂ B(y0, R), it
suffices to estimate q−1(y) ∩B(y0, R). Write for y ∈ T as , s ∈ [ν(M)− 1− R2 , ν(M) + R2 ],
q−1(y) ∩B(y0, R) = {y0 + v : v ∈ Λa ∩B(0, esR)}.
Here we recall that Λa is a lattice in T0, and the metric rescales the lattice by a factor of
e−s in T as . For any R such that esR < λn−1(Λa), we have {v ∈ Λa∩B(0, esR)} is a subset
of an (n− 2)-dimensional linear subspace, say Σan−2. So, we now restrict R to satisfy
eν(M)+1R < λn−1(Λa).
Hence we can estimate the cardinality of the set {v ∈ Λa ∩ B(0, esR)} as follows. Define
the larger set S := Λa ∩B(0, λn−1(Λa)). Given two distinct vectors v and w in S, we have
B
(
v,
λ1(Λa)
2
)
∩B
(
w,
λ1(Λa)
2
)
= ∅
so that ∑
v∈S
vol
(
B
(
v,
λ1(Λa)
2
)
∩ Σan−2) ≤ vol(B
(
0, esR+
λ1(Λa)
2
)
∩ Σan−2)
=⇒ |S|λ1(Λa)n−2 ≤ Cn
(
eν(M)R+
λ1(Λa)
2
)n−2
,
for some positive constant Cn. We therefore have the estimate
|q−1(y) ∩B(y0, R)| ≤ Cnλ1(Λa)2−n
(
eν(M)R+
λ1(Λa)
2
)n−2
. (105)
Let h ∈ Hn−12 (M). Standard elliptic estimates (see for example [DS17, Lemma 51]) give
the following estimate for some a(n) > 0, for x ∈ Ca, and for x0 ∈ q−1(x):
|h|2(x) = |q∗h|2(x0) ≤ a(n)
(
1 +
2
R
)n‖q∗h‖2
L2
(
BR
2
(x0)
).
By (105), for x ∈ Ca ∩ (Mν(M) \Mν(M)−1), the map q : BR
2
(x0)→ Ca is at most[
Cnλ1(Λa)
2−n
(
eν(M)R+
λ1(Λa)
2
)n−2]
to 1,
where by [·] we denote the integer part. Therefore
‖q∗h‖2
L2
(
BR
2
(x0)
) ≤ Cnλ1(Λa)2−n(eν(M)R+ λ1(Λa)
2
)n−2‖h‖2L2(M),
so that there exists some D(n) > 0 such that
|h(x)|2 ≤ D(n)
(
1 +
2
R
)n(
eν(M)λ1(Λa)
−1R+
1
2
)n−2‖h‖2L2(M). (106)
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Now combining Equations (99) and (106), we obtain for some constant D2(n) > 0,
bk2(M) (107)
≤ D2(n)e−ν(M)(ν(M) + 1)2V ol(M1 \M0)
(
1 +
2
R
)n(
λ1(Λa)
−1R+
e−ν(M)
2
)n−2
.
We now choose
R :=
1
20(ν(M) + 1)2
.
By Equation (104) this R satisfies our earlier constraint: eν(M)+1R < λn−1(Λa). Hence
Equation (107) yields
bk2(M) (108)
≤ D2(n)e−ν(M)V ol(M1 \M0)
(
1 + 40(ν(M) + 1)2
)n+1( λ1(Λa)−1
20(ν(M) + 1)2
+
e−ν(M)
2
)n−2
.
We summarize this discussion with a theorem.
Theorem 109. Let M be a 2k + 1 dimensional, complete finite volume real-hyperbolic
manifold. Write M as a disjoint union
M = M0 ∪ (∪aCa),
where each Ca is a cusp. Then there exists B(k) > 0 depending only on k so that if
injM0 ≥ 1 then
bk2(M) ≤ B(k)
V ol(M)
injM0
. (110)
Proof. If ν(M) = 0, we have(
n
k
)∫
pi−1(M0)
∫
S(Hk(M))
|h(p¯)|2dσhdv¯p¯ ≥ 1
2ζ(2)
>
1
4
,
so that there exists p¯ ∈ pi−1(M0) such that
(
n
k
) ∫
S(Hk(M)) |h(p)|2dσh ≥ 14V ol(M0) . We now
apply Lemma 25 to obtain for h ∈ S(Hk(M)):∫
Sr(pi(p¯))
(1
2
− µh
)
|h|2dσ =
∫
Br(pi(p¯))
µh|h|2dv, (111)
for any r ≤ injpi(p¯). Since µh(0) < 12 by [DS17, Lemma 18], Equation (111) implies
µh(r) ∈ (0, 12) for all r. Consequently,
∫
Sr(pi(p¯))
(
1
2−µh
)
|h|2dσ is monotonically increasing.
Then we have for 12 ≤ τ < injM0∫
Bτ (pi(p¯))
|h|2dv ≥
∫ τ
1
2
∫
Sr(pi(p¯))
|h|2dσdr > 2
∫ τ
1
2
∫
Sr(pi(p¯))
(1
2
− µh
)
|h|2dσdr
> 2
∫ τ
1
2
∫
S 1
2
(pi(p¯))
(1
2
− µh
)
|h|2dσdr = 2
(
τ − 1
2
)∫
B 1
2
(pi(p¯))
µh|h|2dv. (112)
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In the proof of [DS17, Corollary 108], we show that for r ∈ [0, 1], µh(r) ≥ β(n), for some
β(n) > 0 independent of h and M . Hence Equation (112) coupled to the elliptic estimate
given in [DS17, Lemma 51] yield for ν(M) = 0, and for some positive constants c(n) and
d(n),
bk2(M) ≤ c(n)V ol(M0)|h(pi(p¯))|2 ≤ d(n)V ol(M0)
∫
B 1
2
(pi(p¯))
|h|2dv
≤ 2d(n)β(n)
−1(
injM0 − 12
) ∫
BinjM0
(pi(p¯))
|h|2dv · V ol(M0) ≤ 2d(n)β(n)
−1(
injM0 − 12
) · V ol(M0).
Finally if ν(M) > 0, then Equation (108) bounds from above bk2 with a constant multiple
of V ol(M0)injM0
, and the result follows.
10 L2-Cohomology on a Tower of Coverings
We now study the growth of L2-cohomology on towers of real- and complex-hyperbolic
manifolds with cusps.
10.1 Fattening the Thick Part
We show that, up to finite cover, we can fatten the injectivity radius of the thick part of
the quotient of a Hadamard manifold with residually finite fundamental group. This is
the analog for a manifold with cusps of Theorem 2.1 in [DW78].
Let (M, g) be a complete finite volume Riemannian manifold such that −b2 ≤ secg ≤
−a2, with a, b 6= 0. Denote by (M˜, g˜) the Riemannian universal cover of (M, g). Let
Γ = pi1(M) be the associated lattice in Iso(M˜), so that M = Γ\M˜ . Assume that Γ is
residually finite. Let {Γk}k∈N be a cofinal filtration of Γ =: Γ0 by finite index normal
subgroups. We define the continuous Γ-invariant function dΓ : M˜ → [0,∞) by
dΓ(p) = min{dg˜(p, γp) : γ ∈ Γ, γ 6= 1}.
Thus dΓ(p) is twice the injectivity radius of ω(p) in M , where ω : M˜ →M is the universal
covering map. Given δ > 0, define the closed subset M˜δ ⊂ M˜ by
M˜δ := {q ∈ M˜ | dΓ(q) ≥ δ}.
Also, define the associated closed subset of M :
Mδ := {p ∈M | 2 · injp ≥ δ}.
Let {qk : Mk →M}k∈N be the sequence of regular Riemannian coverings of M associated
to the cofinal filtration {Γk}k∈N. For each k, define the numerical invariant
rk,δ := min{d(z, γkz) | z ∈ M˜δ, γk ∈ Γk, γk 6= 1}.
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Notice that by definition we have
r0,δ = δ, and rk,δ′ ≤ rk,δ
for any δ′ ≤ δ and for any k.
Lemma 113. For any k ≥ 0, denote by ωk : (M˜, g˜) → (Mk, q∗k(g)) the Riemannian
universal covering map. For any z ∈ M˜δ, we have that
ωk : B
(
z;
rk,δ
2
)
∩ M˜δ → ωk
(
B
(
z;
rk,δ
2
)
∩ M˜δ
)
(114)
is an isometry. Finally, we have
lim
k→∞
rk,δ =∞. (115)
Proof. If Equation (115) does not hold, there exist infinite sequences zk ∈ M˜δ and γk ∈
Γk \{1} such that d(zk, γkzk) ≤ 2N for some positive constant N . Let D be a fundamental
domain for Mδ. Thus, D ⊂ M˜δ is a connected open set such that ω : D →Mδ is injective
and ω : D¯ → Mδ is surjective, where D¯ is the closure of D in M˜δ. Thus for all k, there
exists gk ∈ Γ such that gkzk ∈ D¯. Define z′k = gkzk and γ′k = gkγkg−1k . Since Γk is
a normal subgroup of Γ, we have that γ′k ∈ Γk. By compactness of D¯, there exists a
subsequence {z′kj} converging to a point z¯ ∈ D¯. Now since
d(z′k, γ
′
kz
′
k) = d(gkzk, gkγkzk) = d(zk, γkzk),
we have that
d(z¯, γ′kj z¯) ≤ 2d(z¯, z′kj ) + 2N.
Since d(z¯, z′kj ) → 0, we conclude that, up to a subsequence, γ′kj z¯ converges to a point
w ∈ B(z¯; 2N) ∩ M˜δ for some  > 0. This implies that
ω(z¯) = ω(γ′kj z¯) −→ ω(w).
Thus, there exists γ ∈ Γ such that γw = z¯. We therefore conclude
(γ′kj · γ)w = γ′kj z¯ −→ w.
Now the action of Γ on M˜ is properly discontinuous, so that γ′kj · γ = {1} for all j
sufficiently large. Thus, we must have γ = {1} which then implies the contradiction
γ′kj = {1}. The proof of (115) is then complete. Equation (114) simply follows from the
definition of rk,δ.
We can now present the analog for manifold with cusps of Theorem 2.1 in [DW78]
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Theorem 116. Let (M := Γ\M˜, g) be a complete finite volume quotient of a Hadamard
manifold (M˜, g˜). Assume Γ = pi1(M) is residually finite. Given a cofinal filtration {Γi} of
Γ, denote by ωi : Mi → M the regular Riemannian cover of M associated to Γi equipped
with the pull-back metric, say gi. Decompose M as a disjoint union
M = M0 ∪ (∪jCj),
where M0 is compact manifold with boundary and each Cj is a cusp. Define M
i
0 :=
ω−1i (M0), and let injMi0 := infx∈Mi0 injgi(x). We then have
lim
i→∞
injMi0
=∞. (117)
Proof. Let {δn} be a sequence of real numbers converging to zero, and let {Mn} be a
sequence of closed subset in M defined by
Mn := {p ∈M | 2 · injp ≥ δn}.
We then have that
lim
n→∞ dn =∞,
where dn := dist(∂M0, ∂Mn). Given an integer n ≥ 1, by Lemma 113 there exists an
integer kn such that
rk,δn ≥ dn,
for any k ≥ kn. We therefore have that
injMk0
≥ dn,
for any k ≥ kn. By letting n → ∞ and recalling that by construction dn → ∞, we
conclude that Equation (117) is satisfied.
10.2 Asymptotic Behavior of L2-Cohomology
In this section, we study the L2-cohomology of complete finite volume hyperbolic manifolds
on towers of coverings. We first extend Theorem 18 to real-hyperbolic manifolds with
cusps.
Theorem 118. Let (Mn := Γ\HnR, gR), with Γ co-finite volume. Given a cofinal filtration
{Γi} of Γ, denote by pii : Mi → M the regular Riemannian cover of M associated to Γi.
Decompose Mn as a disjoint union
M = M0 ∪ (∪jCj)
where M0 is a compact manifold with boundary and each Cj is a cusp. Define M
i
0 :=
pi−1i (M0), and assume injMi0 := infx∈Mi0 injgi(x) ≥ 1. For any integer 1 ≤ k <
n−1
2 , there
exists a positive constant c1(n, k) such that
bk2(Mi)
V ol(Mi)
≤ c1(n, k)Vmin(M i0)−
(n−1−2k)
n−1 . (119)
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In particular, the sub volume growth of the Betti numbers along the tower of coverings is
exponential in injMi0
. For n = 2k + 1 there is a positive constant c2(n, k) such that
bk2(Mi)
V ol(Mi)
≤ c2(n, k)
injMi0
. (120)
Proof. Combine Corollary 80 and Theorem 109 with Theorem 116.
We have the following analogous result for complex-hyperbolic manifolds with cusps.
Theorem 121. Let (M := Γ\HnC, gC) be complete finite volume. Given a cofinal filtration
{Γi} of Γ, denote by pii : Mi → M the regular Riemannian cover of M associated to Γi.
Decompose M as a disjoint union
M = M0 ∪ (∪jCj)
where M0 is a compact manifold with boundary and each Cj is a cusp. Define M
i
0 :=
pi−1i (M0), and assume injMi0 := infx∈Mi0 injgi(x) ≥ 1. For any integer 1 ≤ k < n, there
exists a positive constant c1(n, k) such that
bk2(Mi)
V ol(Mi)
≤ c(n, k)Vmin(M i0)
k−n
n . (122)
In particular, the growth of
bk2(Mi)
V ol(Mi)
along the tower of coverings is exponential in injMi0
.
Proof. Combine Corollary 76 with Theorem 116.
10.3 Noncompact congruence subgroup quotients
In this subsection, we adapt and sharpen the arguments of [SX91, Sections 2 and 4] to
the noncompact case. We realize SO(n, 1) and SU(n, 1) as the stabilizers of integral
quadratic (respectively hermitian) forms of signature (n, 1): Q(x) :=
∑
1≤i,j≤n bijxixj ,
and H(z) :=
∑
1≤i,j≤n hijziz¯j . Let In+1 denote the identity matrix in GLn+1. Let b and
h denote the Gram matrices of the forms Q and H. Let ΓR(n, q) and ΓC(n, q) denote the
arithmetic subgroups of SO(n, 1), respectively SU(n, 1) defined by
ΓR(n, q) := SO(n, 1) ∩ {g ∈ GL(n+ 1,Z) : g ≡ In+1 (mod q)},
and
ΓC(n, q) := SU(n, 1) ∩ {g ∈ GL(n+ 1,Z+ iZ) : g ≡ In+1 (mod q)}.
Let |w|∞ denote the supremum norm for a matrix a.
Lemma 123. If γ ∈ ΓR(n, q) \ {In+1} and q2 ≥ 2|b|∞, then the largest eigenvalue of γtγ
is greater than or equal to ( q
2−2|b|∞
2det(b) )
2, respectively ( q
2−2|h∞|
2det(h) )
2. If µ ∈ ΓC(n, q) \ {In+1},
and q2 ≥ 2|h|∞, then the largest eigenvalue of µtµ is greater than or equal to ( q
2−2|h|∞
2det(h) )
2.
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Proof. We treat the ΓR(n, q) case. The ΓC(n, q) case is identical. Let γ ∈ ΓR(n, q). Write
γ = In+1 + qh1, h1 integral. Then
b = γtbγ = (In+1 + qh
t
1)b(In+1 + qh1) = b+ q(bh1 + h
t
1b) + q
2ht1bh1. (124)
Then we can write bh1 = A1 + qbh2, with A1 skew symmetric and (half-) integral and bh2
symmetric and (half-) integral. Inserting this into (124) yields
2bh2 = A1bA1 − q(ht2A1 −A1h2)− q2ht2bh2. (125)
Since A1 is skew and b is symmetric and invertible, A1bA1 6= 0 unless A1 = 0. In particular,
if the integral matrix A1bA1 vanishes, then h2 6= 0 by the nontriviality of γ. On the other
hand, we see from (125) that h2 is nonzero if A1 is nonzero. In either case, h2 cannot be
zero, and we have
bγ + (bγ)t = 2b+ 2q2bh2.
Hence |b|∞|γ|∞ ≥ |bγ|∞ ≥ q22 − |b|∞, and the claim follows easily.
Let MR(n, q) := ΓR(n, q)\HnR, and MC(n, q) := ΓC(n, q)\HnC. Arguing as in [SX91,
Section 2], we see the injectivity radius at the identity coset is greater than or equal
to 2 ln q − G, where G is a constant depending only on the relevant Gram matrix. Fix
decompositions
MR(n, 1) = MR(n, 1)0 ∪j C1j , and MC(n, 1) = MC(n, 1)0 ∪j C˜1j ,
where the C1j and C˜
1
j are cusps, and MR(n, 1)0 and MC(n, 1)0 are compact orbifolds with
boundary. Fix similar decompositions
MR(n, q) = MR(n, q)0 ∪j Cqj , and MC(n, 1) = MC(n, 1)0 ∪j C˜qj ,
where MR(n, q)0 and MC(n, q)0 project to MR(n, 1)0 and MC(n, 1)0 and the cusps project
to the cusps under the natural map. Let δ and δ˜ denote the diameters of MR(n, 1)0 and
MC(n, 1)0, respectively. Then
injMR(n,q)0 ≥ 2 ln(q)−G− δ and injMC(n,q)0 ≥ 2 ln(q)−G− δ˜. (126)
Theorem 127. For k < n−12 , there exists a constant a(n, k) > 0 such that for ΓR(n, q)
torsion free,
bk2(MR(n, q)) ≤ a(n, k)V ol(MR(n, q))1−
4(n−1−2k)
n(n+1) . (128)
There exists a constant b(n, k) > 0 such that for ΓC(n, q) torsion free,
bk2(MR(n, q)) ≤ b(n, k)V ol(MR(n, q))
1− 4(n−k)
(n+1)2−1 . (129)
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Proof. The theorem is a consequence of Theorems 118 and 121. First use the injec-
tivity radius estimates (126) to estimate for positive constants αj independent of q,
Vmin(MR(n, q)0) ≥ α1q2n−2 and Vmin(MC(n, q)0) ≥ α2q4n. Then note that for posi-
tive constants βj independent of q, V ol(MR(n, q)) ≤ β1q
n(n+1)
2 and V ol(MC(n, q)) ≤
β2q
(n+1)2−1. These latter estimates can be obtained by embedding ΓK(n, q)\ΓK(n, 1),
K = R,C into the corresponding orthogonal (respectively unitary) groups with coeffi-
cients in a finite field. Orders for these groups are computed, for example, in [Oes84,
Section 1.6].
We remark that the restriction to torsion free ΓK(n, q) is made simply for convenience
and is not essential.
11 Normalized Number of Cusps and Topological Interpre-
tation
In Section 10, we analyzed the growth of L2-cohomology on towers of coverings of com-
plete finite volume real- and complex-hyperbolic manifolds. We now address the problem
of understanding the growth of de Rham cohomology on towers of coverings of such man-
ifolds. This study requires an estimate on the number of cusps of hyperbolic manifolds
along towers of coverings. This is a geometric problem of independent interest.
11.1 Normalized Number of Cusps
We start with some general remarks concerning complete finite volume quotients of Hadamard
manifolds. Given a finite volume non-compact manifold (M, g) with pinched sectional cur-
vature,
−b2 ≤ secg ≤ −a2 < 0. (130)
we define the volume normalized number of cusps (or simply the normalized number of
cusps) to be:
Rg(M) :=
Nc(M)
V ol(M)
, (131)
where Nc(M) denotes the the number of cusps of M . By foundational work of Eberlein
[Ebe80], Nc (the number of topological ends) is necessarily finite. In particular pi1(M)
is finitely presented. On the other hand, counterexamples of Gromov [Gro78] show this
is not the case if the pinching condition is weakened to a = 0, see also Example 2 page
459 in [Ebe80]. This is true already in dimension n = 3, and in all of these examples the
fundamental group is infinitely generated.
Now, Eberlein’s result simply tells us that Nc(M) < ∞, but the actual upper bound
may depend upon (M, g) itself. With some extra work, one can show that the upper bound
depends upon the Margulis constant associated to (M, g). Such coarse bounds are usually
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far from optimal, and the Margulis constant may be hard to estimate. In many concrete
geometric topology questions, it is then useful to derive effective uniform upper bounds on
Rg for certain specific classes of complete finite volume quotients of Hadamard manifolds.
This concrete problem is particularly well-studied in the case of finite volume quotients of
(HnR, gR) and (H
n
C, gC). Interestingly, one may study this problem with a wildly different
set of techniques ranging from topology to complex algebraic geometry. We refer the
interested reader to the classical references of Parker [Par98] and Kellerhals [Kel98], and
to the more recent literature in [Hwa06], [DD14], [DD15], [DD17], and [BT18]. In all of
these instances, one seeks the smallest explicitly computable number c(n,K) such that
RgK(Γ\HnK) ≤ c(n,K),
for all non-uniform torsion free lattices Γ ≤ Iso(HnK), where K is either R or C.
When K = R and n = 3, there is an intriguing connection between normalized Betti
numbers and RgR . Namely, it is a consequence of basic 3-manifold theory (cf. [Hat00])
that for any complete finite volume Γ\H3R
b1(Γ\H3R) ≥ Nc(Γ\H3R) =⇒ 0 < RgR(Γ\H3R) ≤
b1(Γ\H3R)
V ol(Γ\H3R))
. (132)
Thus, given a cofinal filtration {Γi} of Γ, combining Lu¨ck’s approximation theorem [Lu¨c94]
with Dodziuk’s vanishing [Dod79] we obtain
lim
i→∞
b1(Γi\H3R)
V ol(Γi\H3R))
= 0 =⇒ lim
i→∞
RgR(Γi\H3R) = 0. (133)
We observe that in order to apply the main approximation theorem in [Lu¨c94], we simply
need pi1(Γ\H3R) to be finitely presented and residually finite, and this is certainly the case
as V ol(Γ\H3R) is assumed to be finite.
We next generalize this result to show that the normalized number of cusps goes mono-
tonically to zero along a tower associated to a cofinal filtration of the fundamental group
of any finite volume hyperbolic manifold. Now for general rank one locally symmetric
spaces, one cannot expect a bound as in Equation (132) to hold. Indeed [DiS17] gives an
explicit sequence of complex hyperbolic surfaces with cusps with first Betti number equal
to 2 and diverging number of cusps. Thus, unlike the case of hyperbolic 3-manifolds, the
convergence to zero of the normalized number of cusps cannot be derived from Lu¨ck’s ap-
proximation and vanishing of L2-Betti numbers. Our approach also has the advantage of
producing an effective estimate on the rate of convergence of RgK . The following lemma is
stated for complete finite volume quotients of rank one symmetric spaces of non-compact
type, but it can be generalized to complete finite volume quotients of Hadamard manifolds
with residually finite fundamental group. We do not develop that generalization here.
Lemma 134. Let (Mn := Γ\HnK, gK) be a complete finite volume hyperbolic manifold with
K = R,C,H, and O. Given a cofinal filtration {Γi} of Γ, denote by ωi : Mi → M the
regular Riemannian cover of M associated to Γi equipped with the pull-back metric say gi.
Decompose Mn as a disjoint union
Mn = M0 ∪ (∪jCj),
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where M0 is a compact manifold with boundary and each Cj is a cusp. Define M
i
0 :=
ω−1i (M0), and let injMi0 := infx∈Mi0 injgi(x). We then have
RgK(Mi) :=
Nc(Mi)
V ol(Mi)
≤ V ol(B 1
2
inj
Mi0
)−1. (135)
where V ol(B 1
2
inj
Mi0
) is the volume of a ball of radius 12 injMi0
in (HnK, gK). Moreover, we
have the monotonicity
RgK(Mi) ≥ RgK(Mi+1),
for any i.
Proof. For any cusp Cia, there is a point za ∈ Cia such that
injza =
injMi0
2
.
Note that za is in the interior of C
i
a. In particular, for any point q ∈ ∂Cia, we have
dgi(q, za) ≥ |injq − injza | >
injMi0
2
.
We then have
V ol(Mi) >
∑
a
V ol(B 1
2
inj
Mi0
(za)) = Nc(Mi)V ol(B 1
2
inj
Mi0
),
which implies (135).
To show the monotonicity of RgK along the tower, we argue as follows. Let
τ : M ′ →M
be any covering of M of degree say κ ≥ 2. As each Cj is covered by at most κ disjoint
cusps in M ′, we compute:
RgK(M
′) =
Nc(M
′)
V ol(M ′)
≤ κ ·Nc(M)
κ · V ol(M) = RgK(M),
completing the proof.
Remark 136. As shown in Lemma 134, RgK is non-increasing in a tower of coverings.
In particular, hyperbolic manifolds that do not finitely cover any other hyperbolic mani-
fold tend to have large RgK . Thus, hyperbolic manifolds with minimal volume are good
candidates on which to test the sharpness of any possible cusp count. Interestingly, this
is exactly the case for the sharp cusp count for complex-hyperbolic surfaces presented in
[DD14]. Indeed, such a bound is saturated by an arithmetic 4-cusped complex-hyperbolic
surface of minimal volume constructed by Hirzebruch in [Hir84].
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11.2 Bounds for Cohomology on Towers
We can now derive bounds for the de Rham cohomology of real- and complex-hyperbolic
manifolds. Recall that for a complete finite volume hyperbolic manifold, we have the
following topological interpretation for the L2-cohomology groups.
Theorem 137. [Zuc82, Theorems 6.2 and 6.9] Let Mn be a complete finite volume real-
or complex-hyperbolic manifold of real dimension n. We have the following isomorphisms:
Hk(Mn) =

Hk(Mn;R), if k < n−12 ;
Im
(
Hkc (M
n;R)→ Hk(Mn;R)), if k = n−12 , n2 , n+12 ;
Hkc (M
n), if k > n+12 ;
where by Hkc (M
n) we denote the cohomology with compact support in degree k of Mn.
Combining Theorem 137 with our previous results, we obtain a satisfactory under-
standing of the Betti numbers of complex-hyperbolic manifolds and even dimensional
real-hyperbolic manifolds in a tower of coverings obtained by a cofinal filtration. For odd
dimensional real-hyperbolic manifolds, we need further investigation in the critical degree.
In particular, we need to keep into account the normalized number of cusps coefficient
RgR , introduced in Section 11.1.
Let (Mn := Γ\HnR, gR) be a complete finite volume real-hyperbolic manifold. Given a
cofinal filtration {Γi} of Γ, let pii : Mi → M denote the regular Riemannian cover of M
associated to Γi. Decompose M
n as a disjoint union
M = M0 ∪ (∪jCj),
where M0 is a compact manifold with boundary and each Cj is a cusp. Define M
i
0 :=
pi−1i (M0). It follows that:
M i0 = Mi \
Nc(Mi)⋃
s=1
Cis, ∂M
i
0 =
Nc(Mi)⋃
s=1
∂Cis.
From the long exact sequence in cohomology, we have
...→ Hk(M i0, ∂M i0;R)→ Hk(Mi;R)→ Hk(∪sCis;R)→ Hk+1(M i0, ∂M i0;R)→ ...,
so that
dimRH
k(Mi;R) ≤ dimR Im
(
Hk(M i0, ∂M
i
0;R)→ Hk(Mi;R)) + L(n)Nc(Mi)
= dimR Im
(
Hkc (Mi;R)→ Hk(Mi;R)) + L(n)Nc(Mi). (138)
for some positive constant L(n) > 0 independent of the index i. This follows from the
fact that every cusp cross section is flat, and that by Bieberbach’s theorem there are only
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finitely many diffeomorphism types of flat manifolds with given dimension. Suppose now
n = 2m+ 1. By Theorem 137 we have:
dimR Im
(
Hmc (Mi;R)→ Hm(Mi;R)) = dimRHmgR(Mi),
and so we obtain:
dimRH
k(Mi;R)
V ol(Mi)
≤ L(n)RgR(Mi) +
bk2(Mi)
V ol(Mi)
. (139)
We are now ready to prove the following proposition.
Proposition 140. Let (Mn := Γ\HnR, gR) be a complete finite volume real-hyperbolic
manifold of dimension n = 2k + 1, for some positive integer k. Given a cofinal filtration
{Γi} of Γ, let pii : Mi → M denote the regular Riemannian cover of M associated to Γi.
Set gi := pi
∗
i gR. Decompose M
n as a disjoint union
Mn = M0 ∪ (∪jCj),
where M0 is a compact manifold with boundary and each Cj is a cusp. Define M
i
0 :=
pi−1i (M0), and let injMi0 := infx∈Mi0 injgi(x). There exists a constant λ(k) such that
dimRH
k(Mi;R)
V ol(Mi)
≤ λ(k)
ln(Vmin(M i0))
. (141)
In particular, the sub volume growth of dimRH
k(Mi;R) is at least of the order inj−1Mi0
.
Proof. Combining Equation (139), Lemma 134 and Theorem 118 we obtain
dimRH
k(Mi;R)
V ol(Mi)
≤ L(n)V ol(B 1
2
inj
Mi0
)−1 +
c3(n, k)
injMi0
,
so that we can find another constant λ(k) > 0 so that Equation (141) is satisfied. In
particular, by Theorem 116 we have
lim
i→∞
dimRH
k(Mi;R)
V ol(Mi)
= 0,
with a decay of the order at least inj−1
Mi0
.
12 Appendix
12.1 Comparison with the Trace Formula
Let G be a semisimple Lie group, K ⊂ G a maximal compact subgroup, and Γ ⊂ G a
discrete torsion free cocompact subgroup. Let g and k denote the lie algebras of G and K
respectively. Write the Cartan decomposition of g as g = k⊕ p. Let M := Γ\G/K denote
the corresponding compact locally symmetric space. In [Mat67], Matsushima established
the following link between cohomology and representation theory.
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Theorem 142 (Matsushima). For an irreducible unitary representation ω of G, let ωK
denote the restriction of ω to K, N(Γ, ω) denote the multiplicity of ω in L2(Γ\G), and
mk(ωK) denote the multiplicity of ωK in Λ
kp∗. Then the Betti numbers are given by the
following finite sum:
bk(M) =
∑
ω:ω has vanishing casimir
mk(ωK)N(Γ, ω). (143)
The Selberg trace formula provides a mechanism for expressing the N(Γ, ω) in terms
orbital integrals, which may, however, be difficult to interpret. In [DW78] DeGeorge-
Wallach introduced a method for estimating these multiplicities from above, which we
now recall.
Let χ denote the characteristic function of the identity component of pi−1(BinjM(ΓK)) ⊂
G, where pi : G→M is the natural projection. Let ω be an irreducible unitary represen-
tation of G on a Hilbert space Hω. Let v ∈ Hω be a unit vector. Let N(Γ, ω) denote the
multiplicity of ω in L2(Γ\G). Then DeGeorge-Wallach use the trace formula to show that
[DW78, Corollary 3.2]
N(Γ, ω)
V ol(Γ\G) ≤
1∫
G χ(g)〈ω(g)v, v〉2dv
. (144)
The role of χ is to ensure that only the (conjugacy class of the) identity enters the trace
formula. Hence lower bounds on the absolute value of the matrix coefficient 〈ω(g)v, v〉
become upper bounds on the normalized multiplicity N(Γ,ω)V ol(Γ\G) .
For the geometer, perhaps the most interesting instance of Hω is the subspace of
L2(Γ\G) generated by L2-harmonic forms of suitable K-invariance type. Let h be a
harmonic m-form on M with L2-norm one. Let pi : Γ\G→M be the quotient map. Using
left invariant vector fields to define a canonical trivialization of ΛmT ∗(Γ\G), the metric
induces a pairing for all x, y ∈ Γ\G,
〈·, ·〉 : ΛmT ∗x (Γ\G)× ΛmT ∗y (Γ\G)→ R.
Let σ denote the adjoint representation of K on Λmp∗. Viewed as a Λmp∗ valued function,
pi∗h satisfies for all k ∈ K
pi∗h(gk) = σ−1(k)h(g). (145)
Choosing v ∈ Hω to be pi∗h, the matrix coefficient becomes
〈ω(g)v, v〉 =
∫
Γ\G
〈pi∗h(xg), pi∗h(x)〉dvx, (146)
and lower bounds on this inner product lead to upper bounds on bk(M) via (143).
The estimate given in [DS17], on the other hand, essentially reduces to
bm(M)
V ol(M)
≤ Csupp∈M,h6=0
∫
B1(p)
|h|2dv∫
BinjM (p)
|h|2dv ,
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for some constant C depending only on the curvature of M , if we assume that injM > 1.
Hence lower bounds on the growth of norms of harmonic forms is once again the key
component of the estimate. In this more geometric approach, the restriction to embedded
balls in M rather than larger balls in the universal cover is not a function of the Selberg
trace formula, but is instead a simple mechanism to ensure that
∫
BR(p˜)⊂M˜ |ω∗h|2dv ≤∫
M |h|2dv, where ω : M˜ →M is the universal cover. The role of the Price inequality - like
the differential equations governing the matrix coefficients - is to provide a mechanism for
estimating the growth of
∫
Br(p)
|h|2dv as a function of r.
In the remainder of this appendix we present a direct analysis of matrix coefficients aris-
ing in the estimation of the first Betti numbers of compact quotients of complex-hyperbolic
spaces and all but middle degree Betti numbers of compact quotients of real-hyperbolic
spaces. The same method, albeit with additional complications, can be used to estimate
the matrix coefficients required to bound all the Betti numbers outside middle degree for
compact complex-hyperbolic spaces, but we do not include those computations here, as
they are significantly longer than the method used in Section 4 and simply reproduce
the results given there. There is, of course, a vast literature on the estimation of matrix
coefficients, but we found our approach in these cases so much simpler than the general
theory, that we felt it might be useful, especially to the non-expert, to include it here.
12.2 Real rank one generalities
Let G be a real rank one semisimple Lie group. Fix a maximal R-split torus A ⊂ G, and
a Weyl chamber a+. Denote the positive restricted roots of A by λ and 2λ. Let m(λ)
and m(2λ) denote their multiplicities. Choose an element u ∈ a+ so that λ(u) = 1. Let U
denote the covector metrically dual to u. Write a(t) := exp(tu).
Using the KAK decomposition of G, we reduce the analysis of the matrix coefficient
(146) to the study of the function
φ(t) :=
∫
Γ\G
〈pi∗h(xa(t)), pi∗h(x)〉dvx. (147)
In particular, it is easy to show that for some c(G,m) > 0 depending only on G and m,
with 〈ω(g)v, v〉 as in (146),∫
BR
〈ω(g)v, v〉2dg ≥ c(G,m)
∫ R
0
φ(t)2 sinh(t)m(λ)+m(2λ) cosh(t)m(2λ)dt. (148)
Combining (143), (144), and (148), we obtain for some C(G,m) > 0, depending only
on G and m,
bm(Γ\G/K)
V ol(Γ\G/K) ≤
C(G,m)∫ injM
0 φ(t)
2 sinh(t)m(λ)+m(2λ) cosh(t)m(2λ)dt
. (149)
We prove the following results.
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Proposition 150. Let G = SU(n, 1) and m = 1. For t > 1, there are constants
c1(n), c2(n) > 0 such that
c1(n)
sinh(t)
≤ φ(t) ≤ c2(n)
sinh(t)
. (151)
Proposition 152. Let G = SO(n, 1) and m < n−12 . For t > 1, there is a constant
c(n,m) > 0 such that
c(n,m)
sinhm(t)
≤ φ(t). (153)
For m = n−12 , and t > 1, there is a constant c0(n) > 0 such that
c0(n)
t
≤ φ(t). (154)
As a corollary we recover (with different constants) our prior sections’ Betti number
bounds for compact real- and complex-hyperbolic manifolds (but only in degree 1 in the
complex-hyperbolic case here).
12.3 G = SU(n, 1)
In this section we prove Proposition 150.
In order to estimate φ, we must also understand
ψ(t) :=
∫
Γ\G
〈(e(U)e∗(U) + e(JU)e∗(JU))pi∗h(xa(t)), pi∗h(x)〉dvx.
φ and ψ satisfy differential equations following from the fact that 0 = dh = d∗h = dJh =
d∗Jh. Choose an orthonormal basis of p of the form {Xj}2n−2j=1 ∪ {u, Ju}, where the Xj
are in the span of the ±λ root spaces. Ju is in the span of the ±2λ root spaces. Let
{ωj}2n−2j=1 ∪ {U, JU} denote the dual frame. With respect to the framing by left invariant
vector fields
dpi∗h =
(
e(ωj)Xj + e(U)u+ e(JU)Ju
)
pi∗h, (155)
and
d∗pi∗h = − (e∗(ωj)Xj + e∗(U)u+ e∗(JU)Ju)pi∗h. (156)
For a proof of the these identities, see for example [MM63, Equations (4.12) and (6.3)].
Henceforth, we will simply write h instead of pi∗h. Hence we have
0 =
∫
Γ\G
〈e∗(U)(e(ωj)Xj + e(U)u+ e(JU)Ju)h(xa(t)), h(x)〉dvx
=
d
dt
∫
Γ\G
〈e∗(U)e(U)h(xa(t)), h(x)〉dvx+∫
Γ\G
〈e∗(U)(e(ωj)Xj + e(JU)Ju)h(xa(t)), h(x)〉dvx, (157)
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and
0 =
∫
Γ\G
〈e(U)(e∗(ωj)Xj + e∗(U)u+ e∗(JU)Ju)h(xa(t)), h(x)〉dvx
=
d
dt
∫
Γ\G
〈e(U)e∗(U)h(xa(t)), h(x)〉dvx+∫
Γ\G
〈e(U)(e∗(ωj)Xj + e∗(JU)Ju)h(xa(t)), h(x)〉dvx. (158)
We have two additional equations obtained by replacing h by Jh. To generate differential
equations for φ and ψ from (157) and (158), we follow the first step of the strategy
indicated in [Kna86, Chapter VIII Section 7] and illustrated in a special case in [Kna86,
Lemma 8.15]. Write
Xj = coth(t)Yj − 1
sinh(t)
a−1(t)Yja(t), Ju = coth(t)Y2λ − 1
sinh(t)
a−1(t)Y2λa(t). (159)
Here Yj and Y2λ ∈ k are defined as follows. Write Xj = Nj + N∗j , where Nj is in the λ
root space. Then Yj = Nj −N∗j . Y2λ is similarly defined. Combining (159) and (145), we
have ∫
Γ\G
〈e∗(U)e(ωj)Xjh(xa(t)), h(x)〉dvx
= coth(t)
∫
Γ\G
〈e∗(U)e(ωj)Yjh(xa(t)), h(x)〉dvx
− 1
sinh(t)
∫
Γ\G
〈e∗(U)e(ωj)a−1(t)Yja(t)h(xa(t)), h(x)〉dvx
= − coth(t)
∫
Γ\G
〈e∗(U)e(ωj)σ(Yj)h(xa(t)), h(x)〉dvx
− 1
sinh(t)
∫
Γ\G
〈e∗(U)e(ωj) d
ds |s=0
h(x exp(sYj)a(t)), h(x)〉dvx
= − coth(t)
∫
Γ\G
〈e∗(U)e(ωj)σ(Yj)h(xa(t)), h(x)〉dvx
− 1
sinh(t)
∫
Γ\G
〈e∗(U)(e(ωj) d
ds |s=0
h(xa(t)), h(x exp(−sYj))〉dvx
= − coth(t)
∫
Γ\G
〈e∗(U)e(ωj)σ(Yj)h(xa(t)), h(x)〉dvx
− 1
sinh(t)
∫
Γ\G
〈σ(Yj)e∗(U)(e(ωj)h(xa(t)), h(x)〉dvx. (160)
We may similarly replace the Ju derivatives with − coth(2t)σ(Y2λ) and 1sinh(2t)σ(Y2λ)
terms. The adjoint representation satisfies
σ(Yj) = e(u)e
∗(Xj)− e(Xj)e∗(u) + e(JXj)e∗(Ju)− e(Ju)e∗(JXj). (161)
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σ(Y2λ) = 2e(u)e
∗(Ju)− 2e(Ju)e∗(u)− e(JXj)e∗(Xj). (162)
Taking the closed and coclosed equations (157) and (158) and the corresponding equa-
tions with h replaced by Jh, replacing Xj and Ju by combinations of σ(Yj) and σ(Y2λ) as
indicated in (160), and substituting in expressions (161) and (162) for σ(Yj) and σ(Y2λ),
yields a system of 4 differential equations, from which we obtain
0 = (φ− ψ)′ +
(
coth(t) +
1
sinh(t)
)
(φ− ψ)− (n− 1)
[
coth(t) +
1
sinh(t)
]
ψ(t). (163)
and
0 = ψ′(t) + [(2n− 2) coth(t) + 2 tanh(t)]ψ(t)− 2
sinh(t)
(φ(t)− ψ(t)), (164)
with initial conditions φ(0) = 1, and 0 < ψ(0) < 1. From these equations, we see that
φ(t)− ψ(t) cannot become zero while ψ(t) is positive and ψ cannot vanish while φ− ψ is
positive. Hence φ(t) > ψ(t) > 0 for all t.
Next, we combine the equations and introduce integrating factors to write[
sinh(t) tanh
( t
2
)2n−1
(φ− nψ)
]′
= (2n− 2)
[
(n− 1)cosh(t)− 1
sinh(t)
+ tanh(t)
]
sinh(t) tanh
( t
2
)2n−1
ψ. (165)
Hence for any t, we have φ(t) ≥ nψ(t). We also have the expression( sinh(t)
tanh( t2)
φ
)′
= −
[
(n− 2)cosh(t)− 1
sinh(t)
+ 2 tanh(t)
] sinh(t)
tanh( t2)
ψ(t)
≥ −
[
(n− 2)cosh(t)− 1
sinh(t)
+ 2 tanh(t)
] 1
n
sinh(t)
tanh( t2)
φ(t)
≥ −Cn sinh(t)
tanh( t2)
φ(t), (166)
where Cn := supt
1
n
[
(n − 2) cosh(t)−1sinh(t) + 2 tanh(t)
]
. Hence sinh(t)
tanh( t
2
)
φ(t) ≥ e−tCn , and φ(t) ≤
tanh( t
2
)
sinh(t) . Finally from the expression[
sinh(t) tanh
( t
2
)
(φ− ψ)
]′
= (n− 1)[cosh(t) + 1] tanh
( t
2
)
ψ(t), (167)
we see that
sinh(t) tanh
( t
2
)
(φ− ψ) ≥ sinh(1) tanh
(1
2
)
(φ(1)− ψ(1)) ≥ n− 1
n
tanh2
(1
2
)
e−Cn .
In particular, for t > 1,
tanh( t2)
sinh(t)
≤ φ(t) ≤ c(n)
sinh(t)
,
proving Proposition 150.
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12.4 G = SO(n, 1)
In this subsection, we let h be an L2-norm one harmonic k-form on a compact real-
hyperbolic n-manifold M = Γ\SO(n, 1)/SO(n). Let pi denote the projection map pi :
Γ\SO(n, 1)→M . Define the matrix coefficient
f(t) :=
∫
Γ\SO(n,1)
〈pi∗h(xa(t)), pi∗h(x)〉dvx,
with a(t) := exp(tu), u defined as in the preceding subsection. Define also the auxiliary
function
b(t) :=
∫
Γ\SO(n,1)
〈e(u)e∗(u)pi∗h(xa(t)), pi∗h(x)〉dvx.
Computing as in the previous subsection, one derives the following coupled equations for
f and b:
(f − b)′ + k coth(t)(f − b)− n− k
sinh(t)
b = 0, (168)
b′ + (n− k) coth(t)b− k
sinh(t)
(f − b) = 0, (169)
with initial conditions f(0) = 1, 0 < b(0) < 1. Introduce integrating factors to rewrite
these equations as
d
dt
(sinhk(t)(f − b)) = (n− k) sinhk−1(t)b,
d
dt
(sinhn−k(t)b) = k sinhn−k−1(t)(f − b).
From these equations, we see that f > b > 0 for all t, and for t ≥ 1,
f(t) ≥ sinh
k(1)(f(1)− b(1))
sinhk(t)
. (170)
Next, rewrite Equation 168 as
0 =
(
f − n
k
b+
n− k
k
b
)′
+ k coth(t)
(
f − n
k
b+
n− k
k
b
)
− n− k
sinh(t)
b
=
(
f − n
k
b
)′
+
n− k
k
b′ + k coth(t)
(
f − n
k
b
)
+ (n− k) coth(t)b− n− k
sinh(t)
b,
so that by substituting the identity for b′ given in (169) we obtain(
f − n
k
b
)′
+
n− k + k cosh(t)
sinh(t)
(
f − n
k
b
)
=
(n− k)(n− 2k)(cosh(t)− 1)
k sinh(t)
b > 0.
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This also shows that
b ≤ k
n
f. (171)
Now, by summing Equations (168) and (169) we obtain
f ′ = −k coth(t)f + n− 2k
sinh(t)
b− (n− 2k) coth(t)b+ k
sinh(t)
f.
By using this expression for f ′, and after some manipulations with hyperbolic functions
one finds ( sinhk(t)
tanhk( t2)
f
)′
+
sinhk(t)
tanhk( t2)
(n− 2k)(cosh(t)− 1)
sinh(t)
b = 0,
and then ( sinhk(t)
tanhk( t2)
f
)′
+
2(n− 2k) cosh2( t2) sinhk−1(t)
tanhk−2( t2)
b = 0. (172)
Next, for 2k < n, we use (171) to replace (172) by a differential inequality( sinhk(t)
tanhk( t2)
f
)′ ≥ −2(n− 2k) cosh2( t2) sinhk−1(t)
tanhk−2( t2)
k
n
f.
Since
lim
t→0
sinhk(t)
tanhk( t2)
= 2k,
integration from 0 to t yields
f(t) ≥ 2k tanh
k( t2)
sinhk(t)
e
− ∫ t0 2(n−2k) cosh2( s2 ) tanh2( s2 )sinh(s) knds.
In particular, we have
f(1) ≥ 2k tanh
k(12)
sinhk(1)
e
− ∫ 10 2(n−2k) cosh2( s2 ) tanh2( s2 )sinh(s) knds,
so that by evaluating (171) at t = 1 and using the estimate in (170) then yields
f(t) ≥ c
sinhk(t)
,
with
c = e
− ∫ 10 2(n−2k) cosh2( s2 ) tanh2( s2 )sinh(s) knds (n− k)2k tanhk(12)
n
.
Hence, for some constant c(n, k) > 0, we have∫ R
0
f(t)2 sinhn−1(t)dt ≥

c(n, k)e(n−1−2k)R, if n− 1 > 2k;
c(n, k)R, if n− 1 = 2k.
(173)
In the notation used in Section 12.2 we have φ = f , so that a proof of Proposition 152
follows from the estimate in Equation 173.
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